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Abstract

We consider first-order comparative statics in constant-elasticity spatial models. In this
class, exact counterfactual and first-order comparative-static analysis have the same structure
and common data requirements: model elasticities and the matrices of inter-location flows
for each interaction, as emphasized in the international trade and spatial literatures. These
comparative statics can be decomposed into a direct effect and a general-equilibrium (GE)
remainder. We show that the relative magnitudes of these two components can be characterized
using the spectral radius and matrix norms of a matrix constructed from the elasticities.

We argue that, in this family of models, both first-order and exact comparative statics
can be analyzed using these direct effects, which we term “heuristics”: closed-form expressions
in terms of observables and parameters that (i) require fewer inputs, (ii) are more compact,
and (iii) illuminate the mechanisms that matter most in a given specification. For first-order
comparative statics, we provide theoretical results that quantify the size of the heuristic relative
to the GE remainder—using similar inputs needed to compute the heuristic itself. These bounds
allow researchers to make sharp predictions about the direction of comparative statics without
solving the full GE system, provided GE forces implied by the elasticity matrix are not too
strong.

We apply these tools to gravity-based urban commuting models to study how transport
systems shape residence and employment. The theory yields new insights into the effects of
radial versus core-focused (e.g., center-city subway) infrastructure on the spatial distribution of
employment and population. Implementing the results for Tokyo’s rail network, we obtain sharp
predictions for the sign and ranking of population and employment changes from transport
improvements—without computing the GE remainder—while emphasizing that computing the
GE component remains important for accurate level predictions and full welfare evaluation.

∗We thank Eduardo Morales, Yuhei Miyauchi, David Weinstein, Richard Rogerson, Gene Grossman, John Sturm, John
Sturm, Michael Jenuwine, Yuyang Jiang among others. Participants from the Princeton Student Trade Workshop are thanked
for their constructive comments.
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Introduction
We consider comparative statics for a large class of spatial models, which we refer to as
constant elasticity spatial models. For this class of models, we analyze comparative statics
that describe the change in endogenous variables due to a change in geographically-related
parameters (e.g. fundamental productivity of a location, transportation costs between two
locations, etc.). In this class, exact counterfactual and first-order comparative-static analysis
have the same structure and common data requirements: model elasticities and the matrices
of inter-location flows for each interaction, as emphasized in the international trade and
spatial literatures. Specifically, to determine the change in endogenous variables for a change
in geographically-related parameters, all the researcher needs are the elasticities and the
matrix of “flow shares”, which are the fraction of flows entering (or exiting) one location
that is coming from (or going to) another location.

In the case of first-order analysis, the comparative static change in endogenous variables
can be decomposed into a partial equilibrium effect, which may be expressed explicitly and
succinctly using observables, and the remaining general equilibrium effect. We show that
the partial-equilibrium effect is the leading (and therefore largest) term of a Neumann series
representation of the general equilibrium effect whenever spatial spillovers are not too large,
and we can therefore use the decaying rate of the series (as measured by the spectral radius
or matrix norms of what we term the “spillover matrix”) to understand the relative sizes of
the partial equilibrium and remaining general equilibrium effects.

Depending on the researcher’s needs, one can adjust the definition of the partial equilib-
rium effect by redefining what variables are held constant. This change in definition alters
the partial-equilibrium expression and the quantitative size of the partial equilibrium effect
relative to the general equilibrium remainder. The relative sizes can once again be analyzed
using the new spillover matrix. The researcher may thus wish to consider various defini-
tions of the “partial equilibrium effect,” depending on the empirical setting and the need for
accuracy and theoretical insight.

In exact comparative static analysis, one can also construct an exact partial equilibrium
expression that can be derived from the system of equations and that is analagous to that
of the first-order partial equilibrium analysis. While we do not characterize the theoretical
properties of the exact partial-equilibrium expression relative to the general equilibrium
expression, we note that the exact partial-equilibrium expression may have more relevance
and predictive power when studying large comparative statics changes.

We then apply these tools to a class of gravity-based urban commuting models to under-
stand the mechanisms underlying the impact of transportation systems on where people live
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and work. The theory provides new insights into how radial versus centralized commuting
infrastructure affects residential location choices. We focus on residential population, as this
was the surprising result in our empirical application, but analogous arguments can be made
for employment.

Focusing on how symmetric transportation improvements (e.g. when commuting costs
fall by the same amount in both directions) between two locations affect population in those
locations, we show that the fraction of each location’s residents who commute to the other
location are sufficient statistics for the partial equilibrium change in relative population
between the two locations, where relative employment are held constant in all locations.1

Specifically, the difference in these two statistics between two locations is proportional
to the partial equilibrium effect of a marginal symmetric transport improvement between
the two locations on their relative populations. In other words, if a higher proportion of
residents from one location commute to the other location than vice versa, then the location
with the higher proportion gains population relative to the other location according to the
partial-equilibrium effect.

Our earlier results imply that this difference represents the leading term of a decaying
Neumann series that expresses the full GE effect, and we analyze the quantitative importance
and usefulness of this sufficient statistic as a proxy for the general equilibrium comparative
static in two ways.

First, we use our theory to compute bounds on the remaining GE effect based on elastici-
ties estimated in the literature, and provide conditions that guarantee the direction of relative
population changes between two locations. When we consider all symmetric improvements
in commuting infrastructure between pairs of municipalities in Tokyo (all in isolation), we
find that in 44% of improvements our sufficient conditions are satisfied and we can guarantee
a population increase one way or the other. Using the same exercise of isolated pair-wise
symmetric improvements, we then show empirically that this sufficient statistic accounts for
more than 97% of the variation in the first-order general equilibrium effect in the case of
Tokyo and exhibits little statistical bias (less than 3% of the GE effect) when the GE effect
is regressed on the sufficient statistic.

The reason for the strong predictions and high predictability lies in the fact that our
spatial spillovers are relatively mild, leading to a spectral radius of 0.42, which, a back-of-
the-envelope calculation shows, translates to the partial equilibrium effect accounting for at
least 56% of the full general equilibrium (first-order) effect for the relative population for

1“Relative” employment refers to employment relative to a hypothetical location that is fully isolated
from the rest of the economy–where there is no commuting into or out of this location. Thus even as
relative employment is held constant, the level of employment may change depending on population mobility
constraints of the model.
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any individual location.
What are the implications for understanding the impact of commuting infrastructure

improvements on the location of residential population? The implications of these results are
twofold. First, radial improvements in commuting infrastructure (i.e., those radiating from
a central location to a peripheral location) tend to decentralize population away from the
center whenever commuting from the suburb to downtown is more common than “reverse”
commuting (e.g., from the center to a suburb), as is typical in cities.

In the Tokyo context, the average municipality in the periphery has a 20 times higher
share of commuters to the center than the other way around. Thus, radial improvements in
Tokyo will tend to shift population to the periphery if we consider transport costs between
locations in isolation.2 A caveat to our analysis is that transportation infrastructure forms
a network. Therefore, a change in one link of the network changes commute costs across
many pairs in non-uniform ways. We refer the reader to Allen and Arkolakis (2022), which
provides an elegant methodology to study this problem.

Second, subways and ‘central’-focused transportation improvements may improve trans-
portation for all commuters but disproportionately benefit residents living in the center,
leading to centralization of population in the center. Consider, for example, a symmetric
4-location model on a line with a “periphery” location at each end, each of which is in turn
connected to two central “core” locations, which are themselves connected. Locations are
indexed from 1 to 4, with locations 2 and 3 representing the core and locations 1 and 4 the
periphery. The connections form a linear chain: 1–2–3–4.

Suppose, for simplicity, that there is no commuting across the city so that locations 1 and
4 cannot reach each other. Now suppose that commuting infrastructure improves along the
link between the two cores, such that commuting costs fall between the two cores and between
the peripheries and the cores. Under common parameterizations of commuting costs, the
percentage drop in commuting costs between the core and periphery is at least as large as the
drop between the two cores. Denoting dij as a measure of commuting costs for commutes from
residents in i to workplace location j, models typically assume that |d ln d23| ≥ |d ln d13|.3 In
such a case, the transportation improvement will tend to shift population from the periphery

2Our bounds indicate that symmetric improvements between peripheral locations and the center are
guaranteed to lead to an increase in peripheral municipality population for 64% of the pairs of locations
considered, while the central population increases about 1% of the time.

3For example, if commuting costs are the product across links: d13 = d12d23, then d ln d13 = d ln d23. If
they are a power function of total commute time, d(t) = tξ, then |d ln d13| =

󰀏󰀏󰀏 ξt23
t12+t23

d ln t23

󰀏󰀏󰀏 < |ξd ln t23| =
|d ln d23|. More generally, if commuting costs are a function of total commute time d = f(t) where t is total
commute time, then this condition is violated (i.e., |d ln d13| > |d ln d23|) if the elasticity of commuting costs
grows faster than linearly in travel time: d ln

d ln t
d ln f
d ln t > 1. One example is the function f(t) = et2 , a functional

form that is rarely used and not supported by Tokyo’s commuter-flow data.
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to the centers if the proportion of core populations that commute to each other is greater
than the proportion of peripheral populations that commute to the further-away core location
(commuting from 1 to 3 or from 4 to 2).

In the Tokyo context, relative to the average peripheral municipality (which we define
as the region more than 40 km from the Imperial Palace), the average central municipality
(the region within 20 km of the Imperial Palace) is 26 times more likely to commute within
central Tokyo, and the average suburban municipality (defined as the ring between 20–40 km
from the Imperial Palace) is 5 times more likely to commute to central Tokyo. Our theory
indicates that these large disparities will tend to shift population to the center when there
are central-focused transportation improvements.

Last, we apply these tools to study the impact of Tokyo’s train system on residential
population across the city.

The full exact-hat quantitative results show that Tokyo’s train system leads to centraliza-
tion in both employment and population. In other words, the model implies that the system
causes a shift in population from the peripheries and suburbs to the city center. These
results contrast with what researchers have often found for other commuting infrastructures
in other cities and raise the question of the mechanisms of the model, something we explore
as our final contribution.

The first-order partial equilibrium effect on each residential location is proportional to a
weighted average of changes in our measure of accessibility (i.e., the inverse of transformed
commute costs) between the location and all other locations, where the weights are the com-
muting shares to each location from the residential location. The exact partial equilibrium
can be expressed similarly.

Regression of the first-order general equilibrium effect on the first-order partial-
equilibrium effect shows that the partial equlibrium effect explain 82% of the variation in
the general equlibrium first-order population change due to Tokyo’s train system. The slope
coefficient, however, is 0.67, indicating that the partial-equilibrium expression is biased
downwards due to the congetion forces that are embodied in the two spillover elasticities,
which are both negative. Regression of the exact general equilibrium effect on the exact
partial equilibrium effect has an R2 of 0.91 and an OLS coefficient of 0.6. These results
indicate that the partial equilibrium effect measures have large predictive power (under our
choice of parameters), but that their numerical quantity alone should not be directly used
at face value for comparative-static analysis.

Given our theoretical results and strong predictability between the partial-equilibrium
and general equilibrium effect, we suspect that a major factor for the centralizing effect of
Tokyo’s train system is that central Tokyo, has significantly higher commuting access (i.e.
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lower commuting costs) than the suburbs and peripheries, due to the dense train network
in the center. Indeed, the average central municipality gains 1.9 times more in residential
access in partial equilibrium, relative to the periphery. The results from the present paper
argues that this disparity tends to a large population shift from the periphery to the center.

In our final quantification, we show quantitatively that population centralization in Tokyo
is (as we predicted from our theory) largely due to the dense subway network that is in the
urban core. In counterfactuals we remove segments of the subway lines one by one in the
reverse order in which they were built. Consistent with theory, we find that each subway
segment was responsible for the increase in the population in the core. In contrast, when
we do the same exercisee for non subway lines, which are more often commuter lines that
radiate the suburbs, we find that these lines tended to shift the population to the periph-
eries. Thus, our counterfactuals corroborate our theoretical predictions that central-focused
transportation improvements have a centralizing effect on the city while our theoretical re-
sults provides an explanation for why the dense subway network in the urban core causes
population centralization.

The centralizing impact of transportation infrastructure on population has few empirical
precedents. Previous studies have often found centralizing impacts of new transportation on
employment but rarely on population. Tokyo therefore stands as an outlier. At the same
time, Tokyo is one of the most densely populated cities in the world (see for example, table
1) with a population of approximately 40 million, roughly twice the population of the New
York-Newark metropolitan area, contained within an area that is about 30% smaller. Our
insights, both theoretical and using Tokyo data, help us understand not only what facilitates
Tokyo’s dense population but also other cities’ which happen to have large train networks
and high central population densities, such as New York City, Paris, London, Hong Kong,
Shanghai, and Seoul among others.

1 Literature
Our theoretical work on spatial models is closely related to three papers. Allen et al. (2024)
characterize the uniqueness properties of the class of models studied in the present paper and
focus on the matrix of elasticities that the present paper also emphasizes. They also provide
theoretical methods (change of variables, absorbing endogenous scalars) that are used in the
present paper.

Allen et al. (2020) provide comparative static expressions and Neumann series expansions
for a wide class of constant-elasticity trade models (e.g., Arkolakis et al. (2012)), which the
authors refer to as “universal gravity” models. These models (similar to the commuting
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model used in our study) are characterized by two primary interactions—one representing
the recipient and one representing the sender. In the trade models, the recipient is the
importer and the sender is the exporter, while in commuting models, the recipient is the
workplace and the sender is the residential location.

In Allen and Arkolakis (2025), as well as reviewing the variety of methods in economic
geography models, the authors use comparative static methods under the “universal grav-
ity” framework and apply them to trade models that feature population mobility. They
relate the relevant elasticities to reduced-form “local” and “global” elasticities that have eco-
nomic meaning in the economic geography context and transform the system so that the
comparative statics can be analyzed using the Neumann series representation.

Building on their work, the present paper generalizes comparative statics from trade and
economic geography to all spatial models under the constant elasticity framework. Thus, the
comparative statics in the present paper can be applied to a wide variety of spatial models,
with an arbitrary number of interactions and notions of “flow.” In this setting, we focus on the
relationship between the zeroth-degree effect of the Neumann series and partial equilibrium
effects, and how they can be used for economic insights and quantitative predictions. We
show how alternative definitions of “partial equilibrium” effects can be applied, leading
to different Neumann series with different expressions for the zeroth effect and therefore
different expressions for the partial equilibrium effect that may have different relevance, both
quantitatively and economically, depending on the context. Two definitions, in particular,
are emphasized. One definition holds constant economic activity that is mediated through
the spatial network. Loosely speaking, this means holding constant economic activity in all
other locations. The other definition holds constant economic activity in other locations as
well as other endogenous variables in the present location. In our quantitative application,
we then apply these tools and provide additional theoretical results based on the matrix
structure of our setting and apply the Neumann series to provide sufficient conditions for
when population shifts within a city.

Comparative statics in spatial models have been studied in many other contexts.
Miyauchi et al. (2021) derive partial equilibrium effects for a shock to the price index of
non-traded services in a commuting model with trip chains. Monte et al. (2018) show the
partial equilibrium effects of a productivity shock on employment and population in a model
with commuting. Baqaee and Farhi (2024) derive microeconomic sufficient statistics for
the general equilibrium response of variables such as output and welfare to productivity
and trade cost shocks in a class of trade models with input-output networks. Kleinman
et al. (2024) show that first-order comparative statics for productivity shocks in a constant
elasticity economic geography model can be represented using a friend-enemy matrix that
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summarizes each location’s exposure to productivity shocks in all locations.
The “exact-hat” technique popularized by Dekle et al. (2008) have been applied in a

wide variety of models to compute exact counterfactuals using observable variables as in-
puts. Many of these models have been in the constant-elasticity family while others have not.
We are not aware of results that articulate what data are sufficient to compute such counter-
factuals for a family of models. In this respect, our results clarify what inputs are sufficient
to compute exact-hat counterfactuals in the constant-elasiticy family of spatial models. We
also highlight a number parallels in the exact-hat method relative to the first-order method,
namely the identical data requirements and analagous partial-equilibrium expressions which
can be useful for understanding comparative statics for any given model.

Our application studies the impact of commuting infrastructure on the location of resi-
dence and employment in urban areas. Previous studies have mostly emphasized the decen-
tralizing impact of new transportation infrastructure. Glaeser and Kahn (2001) document
that American cities first began to decentralize in the late 19th century as the first commuter
trains and streetcars allowed workers to move their residence to the suburbs.4 Baum-Snow
(2007) use the construction of the interstate highway system as a natural experiment and
find large decentralization in population from central cities. Baum-Snow et al. (2017) find
large decentralizing impacts of radial and ring-road highways on population across cities in
China.

The extent to which commuter rail in urban areas centralizes population and employ-
ment has been less clear cut. Heblich et al. (2020) find that the advent of the steam railway
in the 19th century facilitated the large-scale shift in residential population to the sub-
urbs and concentration of employment in the city center in absolute numbers. The authors
also find similar patterns of shifting population from downtown to the suburbs in other
large metropolitan areas following the transport improvements of the 19th century, includ-
ing Berlin, Paris, Boston, Chicago, New York, and Philadelphia. At the same time, the
highest percentage growth rates in both employment and population occurred in the sub-
urbs. Gonzalez-Navarro and Turner (2018) found little evidence of urban population growth
from subways, while Baum-Snow et al. (2017) found little evidence of population shift to the
suburbs from radial railroads.

Other works on rail, such as Glaeser and Kahn (2004), Glaeser et al. (2008), and Baum-
Snow et al. (2005), have documented the declining ridership and thus limited economic
viability of urban rail given the high fixed costs.

Our theoretical results from our commuting model are closely related to Thisse et al.
(2024), who study the equilibrium characteristics of a linear and symmetric 3-location quan-

4See also Crabgrass Frontier by Kenneth Jackson for a thorough historical account.
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titative model (two peripheries and a center) and find that models with preference hetero-
geneity lead to an “average preference for central employment and residence” because the
central location has an advantage as the place where average transportation costs are lowest.
They note in particular that “when the location of production and residence is endogenous,
the standard intuition that lowering commuting costs leads to dispersed economic activity
need not apply.”

The present paper provides a framework for analyzing the mechanisms behind commut-
ing models using observable sufficient statistics (namely the matrix of observed commuting
flows, and in particular the commuting shares for pairs of locations that experience the com-
muting improvement) and offers theoretical results on the tendency of radial infrastructure
to promote depopulation and central-focused infrastructure to promote centralization.

From an empirical perspective, our model-based results showing that Tokyo’s train system
causes centralization in both population and employment are an important counterexample
to the prevailing empirical evidence on the decentralizing impacts of transportation, and our
theoretical results help to explain why—namely the dense subway network in the city’s core.
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2 Comparative Statics in Constant Elasticity Spatial
Models

We consider a constant-elasticity spatial model that is widely used in spatial economics
and discussed in Remark 5 of Allen et al. (2024). We follow a similar notation. Let
N ≡ {1, . . . , N} and H ≡ {1, . . . , H} denote the set of locations and the set of economic
interactions, respectively.

Let x be an N · H column vector of endogenous economic outcomes, with H blocks, each
consisting of N variables:

x ≡
󰁫

x1,1, . . . , xN,1
󰀏󰀏󰀏 x1,2, . . . , xN,2

󰀏󰀏󰀏 · · ·
󰀏󰀏󰀏 x1,H , . . . , xN,H

󰁬′
∈ RHN

For each i ∈ N and h ∈ H, xih refers to the ith element in the hth block of the vector x, and
is strictly positive: {xih}i∈N ,h∈H ∈ RNH

++ . The economic system can be expressed with the
following system of equations:

󰁜

h′∈H
x

γhh′
ih′ =

󰁛

j∈N
Kijh

󰁜

h′∈H
x

ρhh′
ih′ x

βhh′
jh′ (1)

for all i ∈ N and h ∈ H, where γhh′ , ρhh′ , βhh′ are the (h, h′)-th elements of matrices Γ, R, and
B, respectively. For all i ∈ N , j ∈ N , h ∈ H, the function Kijh : Θ → R++ is strictly positive
and continuously differentiable in the parameter vector θ = (θ1, . . . , θm) ∈ Θ ⊆ RM

++.5 In our
commuting model, θ contains all exogenous fundamentals and commuting costs, Āi, Ūi, dij.

For notational simplicity, we suppress the dependence on θ and write Kijh instead of
Kijh(θ), except when the dependence needs to be explicit.

5As discussed in Allen et al. (2024), it is common (especially in economic geography models) for the
equilibrium system to involve an endogenous scalar λh for one or more interactions such that the system can
be written as:

󰁜

h′∈H
x

γhh′
ih′ = λh

󰁛

j∈N
Kijh

󰁜

h′∈H
x

ρhh′
ih′ x

βhh′
jh′ (2)

. For such models, Allen et al. (2024) show and we demonstrate in our urban application that the endogenous
scalars can be absorbed into the other endogenous variables such that the system can be transformed into
that of equations (1). Our comparative statics results are then regarding these transformed variables that
may differ in levels from the actual endogenous variable of interest, depending on the model’s assumptions
on aggregate resource constraints (e.g., population mobility assumptions for the case of economy geography
models). In such settings, the present formulation is immediately useful for studying comparative statics of
relative changes: how one location’s endogenous variables changes relative to another location’s.
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Rearranging (1) to isolate xih, we have:

xih =
󰀵

󰀷
󰁜

h′ ∕=h

x
ρhh′ −γhh′
ih′

󰁛

j∈N
Kijh

󰁜

h′∈H
x

βhh′
jh′

󰀶

󰀸

1
γhh−ρhh

(3)

Define fih : Θ × RH
++ → R++ as the right-hand side of equation (3):

fih(x, θ) ≡
󰀵

󰀷
󰁜

h′ ∕=h

x
ρhh′ −γhh′
ih′

󰁛

j∈N
Kijh(θ)

󰁜

h′∈H
x

βhh′
jh′

󰀶

󰀸

1
γhh−ρhh

(4)

Definition. Let κ = θk denote a generic element of the parameter vector θ.
The single-variable local partial equilibrium effect of a change in parameter d ln κ on

endogenous variable xih is defined as the derivative:

∂SLP ln xih

∂ ln κ
≡

󰁛

j

∂ ln fih

∂ ln Kijh

∂ ln Kijh

∂ ln κ
.

One interpretation is to view the partial equilibrium effect as the effect of a change in
κ on xih while holding constant all other endogenous variables in interaction h. This is not
entirely correct, because xih also appears on the right-hand side of the equation. However,
xih only appears there as a factor in one element of a summation, which characterizes the
spatial effects. Therefore, a more accurate (though perhaps less precise) interpretation of the
partial equilibrium effect is as a “local effect,” holding constant spatial (i.e., cross-location)
spillover forces as well as other endogenous variables located in location i, xih′ for h′ ∕= h.6

It is also useful to define a related expression and function that captures a related partial
derivative. Rearranging (1) to isolate variables with i-indexed terms, we have:

󰁜

h′∈H
x

γhh′ −ρhh′
ih =

󰁛

j∈N
Kijh

󰁜

h′∈H
x

βhh′
jh′ (5)

Define gih : Θ × RH
++ → R++ as the right-hand side of equation (5):

gih(x, θ) ≡
󰁛

j∈N
Kijh(θ)

󰁜

h′∈H
x

βhh′
jh′ (6)

As in Allen et al. (2024), we define the change of variables yih ≡ 󰁔
h′∈H x

γhh′ −ρhh′
ih . If

6In the commuting model described in Section 3, the left-hand-side variable does not appear in function
fih because we ruled out spillovers to neighboring locations. Thus, the partial equilibrium effect in that
commuting model can be interpreted simply as “holding constant all other endogenous variables.”
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Γ − R is invertible, we can rewrite the system and define a new function g̃ih(y, θ) as follows:

yih =
󰁛

j∈N
Kijh

󰁜

h′∈H
y

αhh′
jh′ , g̃ih(y, θ) ≡

󰁛

j∈N
Kijh

󰁜

h′∈H
y

αhh′
jh′ (7)

where αhh′ is the (h, h′)-th element of matrix α ≡ B(Γ − R)−1. We note that gih(·, θ) and
g̃ih(·, θ) are related through the change of variables:

g̃ih(y, θ) = gih

󰀓
exp

󰀓
((Γ − R)−1 ⊗ IN) ln(y)

󰀔
, θ

󰀔
,

where ⊗ denotes the Kronecker product. We follow the same notation for y as x:

y ≡
󰁫

y1,1, . . . , yN,1
󰀏󰀏󰀏 y1,2, . . . , yN,2

󰀏󰀏󰀏 · · ·
󰀏󰀏󰀏 y1,H , . . . , yN,H

󰁬′
∈ RHN

We refer to yih as the local composite variable for interaction h, because it captures all
factors specific to a given location and interaction except those factors in a given location
and interaction that are mediated by spatial distance: Kijh when j = i.

Definition. The local partial equilibrium effect of a change in parameter d ln κ on endogenous
variable xih is defined as the hth element of the vector:

∂LP ln(xi)
∂ ln κ

≡ (Γ − R)−1 ∂CLP ln(yi)
∂ ln κ

= (Γ − R)−1 ∂ ln gi

∂ ln κ
,

where yi and xi are vectors whose h-th elements are yih and xih respectively, and ∂CLP ln(yi)
∂ ln κ

=
∂ ln gi

∂ ln κ
is a vector whose h-th element is

󰁛

j

∂ ln gih

∂ ln Kijh

∂ ln Kijh

∂ ln κ
.

To describe these variables in matrix notation, define the composite local partial equilib-
rium effect vector:

bih :=
󰁛

j

∂ ln gih

∂ ln Kijh

∂ ln Kijh

∂ ln κ
, b =

󰁫
b1,1, . . . , bN,1

󰀏󰀏󰀏 · · ·
󰀏󰀏󰀏 b1,H , . . . , bN,H

󰁬′
.

Then the vectorized partial equilibrium effect is given by

∂LP ln(x)
∂ ln κ

=
󰀓
(Γ − R)−1 ⊗ IN

󰀔
b,

which is a column vector. If we wish to consider the entire parameter vector θ, we replace
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κ with the row vector θ′.
The purpose of the composite variable is to isolate variables that are specific to a location

for a particular interaction. Thus, the right-hand side of gih(·) excludes other local variables
except when mediated by the spatial factor Kijh when j = i. Therefore, the partial equi-
librium impact on the composite variable holds constant the composite variables in other
locations but allows the other composite variables in the same location to change. This in-
terpretation contrasts with that of the single-variable local partial equilibrium effect, where
all other endogenous variables in the current location are held constant.

The local partial equilibrium effect of a change in parameter d ln κ on endogenous variable
xih thus incorporates local equilibrium forces from multiple interactions and summarizes the
full effect of these forces while holding constant spatial spillover forces.

We are now ready to state our theorems.

Theorem 1 (Comparative Statics).
Part 1. Let γ ≡ (Γ − R) and assume it is non-singular so that α = B γ−1. Denote a
solution to the system in (1) as a stacked column vector

x∗ ≡
󰁫

x∗
1,1, . . . , x∗

N,1

󰀏󰀏󰀏 x∗
1,2, . . . , x∗

N,2

󰀏󰀏󰀏 · · ·
󰀏󰀏󰀏 x∗

1,H , . . . , x∗
N,H

󰁬′
∈ RHN ,

with parameters θ = [θ1, . . . , θM ]′ as before.
Then, given a solution and whenever A is nonsingular, the elasticities of endogenous

variables with respect to parameters θ ∈ RM are

∂ ln x∗

∂ ln θ′ = −A−1T, (8)

where A ≡ A Γ̃ and

Γ̃ ≡ γ ⊗ IN , A ≡ IHN − αX , αX ≡ bdiag
󰀓
X(1), . . . , X(H)

󰀔
(α ⊗ IN),

where I is an identity matrix, and ⊗ denotes the Kronecker product.
For each h ∈ {1, . . . , H}, let the “flow share” matrix X(h) ∈ RN×N be the row-stochastic

matrix (each row sums to one) with entries:

󰁫
X(h)

󰁬

ij
=

Kijh
󰁔

h′∈H y
αhh′
jh′

󰁓
j′ Kij′h

󰁔
h′∈H y

αhh′
j′h′

=
Kijh

󰁔
h′∈H x

βhh′
jh′

󰁔
h′∈H x

γhh′ −ρhh′
ih′

. (9)
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Here we have used the block–diagonal operator

bdiag
󰀓
X(1), . . . , X(H)

󰀔
≡

󰀵

󰀹󰀹󰀹󰀹󰀹󰀹󰀷

X(1) 0 · · · 0
0 X(2) · · · 0
... ... . . . ...
0 0 · · · X(H)

󰀶

󰀺󰀺󰀺󰀺󰀺󰀺󰀸
∈ RHN×HN .

Last, T ∈ RHN×M is block-stacked as

T =
󰁫
T′

1 · · · T′
H

󰁬′
,

with Th ∈ RN×M having entries:

󰁫
Th

󰁬

i
=

N󰁛

j=1

󰁫
X(h)

󰁬

ij

∂ ln Kijh

∂ ln θ′ (h = 1, . . . , H; i = 1, . . . , N). (10)

Part 2. Assume Γ is nonsingular. Then A−1 can be expressed as the following Neumann
series if and only if ρ(αX) < 1:

A−1 = Γ̃−1
∞󰁛

k=0
αk

X . (11)

The ∞ matrix norm is given by

󰀂αX󰀂∞ = 󰀂 |αX | 󰀂∞ = 󰀂α󰀂∞ = 󰀂 |α| 󰀂∞.

Thus, the terms αk
X decay according to

󰀂αk
X󰀂∞ ≤ 󰀂 |α| 󰀂k

∞ for all k.

Moreover, ρ(|αX |) = ρ(|α|), while ρ(α) ≤ ρ(αX) ≤ ρ(|αX |). Thus, ρ(|α|) < 1 guarantees
the Neumann representation.

(ii) Define
D

k
θ ln x∗ ≡ −Γ̃−1αk

XT

as the kth-degree term of the comparative static (i.e., such that ∂ ln x∗

∂ ln θ′ = 󰁓∞
k=0 D

k
θ).

The zeroth-degree term of the comparative static is equal to the local partial equilibrium
effect from a change in parameters d ln θ on variables x:

D
0
θ ln x∗ = −Γ̃−1T = ∂LP ln(x)

∂ ln θ′ .
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(iii) Define

R = Γ̃−1
∞󰁛

k=1
αk

X ,

and the general equilibrium remainder of the comparative static as

∞󰁛

k=1
D

k
θ = −RT,

so that
−∂ ln x∗

∂ ln θ′ = RT + Γ̃−1T.

Now, consider a series of comparative statics:

d ln xlh =
󰁛

m

∂ ln xlh

∂ ln θm

d ln θm.

Let elh ∈ RNH denote the vector with 1 in the lth element of the hth block and 0 in all others.
Let ∆ ln θ ∈ RM be the vector of log changes to parameters θ such that [∆ ln θ]m = ∆ ln θm.
Therefore,

∆ ln xlh = e′
lh

∂ ln x∗

∂ ln θ′ ∆ ln θ.

Then two bounds for the general equilibrium remainder of the comparative static are as
follows:

|e′
lhRT∆ ln θ| ≤ 󰀂∆ ln θ󰀂∞ 󰀂Γ̃−1󰀂∞ 󰀂T󰀂∞

󰀂αX󰀂∞

1 − 󰀂αX󰀂∞

|e′
lhRT∆ ln θ| ≤ 󰀂∆ ln θ󰀂∞

󰀐󰀐󰀐󰀐
󰀓
elhΓ̃−1

󰀔′
󰀐󰀐󰀐󰀐

1
󰀂T󰀂∞

󰀂αX󰀂∞

1 − 󰀂αX󰀂∞

Similarly, when considering relative changes between two endogenous variables xlh and
xl′h′:

d ln
󰀕

xlh

xl′h′

󰀖
=

󰁛

m

󰀥
∂ ln xlh

∂ ln θm

− ∂ ln xl′h′

∂ ln θm

󰀦

d ln θm,

let u ∈ RNH denote the vector with 1 in the lth element of the hth block, −1 in the l′th element
of the h′th block, and 0 elsewhere.
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Then two bounds for the general equilibrium remainder of this expression are as follows:

|u′RT∆ ln θ| ≤ 2󰀂∆ ln θ󰀂∞ 󰀂Γ̃−1󰀂∞ 󰀂T󰀂∞
󰀂αX󰀂∞

1 − 󰀂αX󰀂∞

|u′RT∆ ln θ| ≤ 󰀂∆ ln θ󰀂∞

󰀐󰀐󰀐󰀐
󰀓
u′Γ̃−1

󰀔′
󰀐󰀐󰀐󰀐

1
󰀂T󰀂∞

󰀂αX󰀂∞

1 − 󰀂αX󰀂∞

A number of comments are in order.
First, the theorem provides a toolkit for conducting comparative-static analysis across

a wide range of spatial models. In many situations, the flow-share matrix X represents
a meaningful and often observable measure of flows between locations. In our commuting
model, X consists of two interactions: residence and employment. For the residence interac-
tion, X1 = L

LR
is the share of a location’s residents who commute to a workplace, while for

the employment interaction, X2 = L
LF

is the share of a workplace’s commuters who commute
from a location.

In many gravity-based trade models, one interaction of X is the share of a recipient’s
expenditure coming from an exporter, while another is the share of production value sent to a
recipient (see, e.g., Allen et al. (2020)). Thus, in many cases, knowledge of the fundamentals
contained in Kijh is not required for comparative statics. In others, the parametrization
of Kijh (together with observable location-specific data) is sufficient, as in our empirical
application.

Given the matrix of “flow shares” for each interaction, and elasticities of the model, one
can therefore calculate the matrix of first-order comparative static elasticities, ∂ ln x∗

∂ ln θ′ . If the
researcher also knows the change in parameters d ln θ, they can then compute the first-order
change to endogenous variables. In many cases, the matrix of flows (a variable proportional
to Kijh

󰁔
h′∈H x

βhh′
jh′ ) is more readily available than the matrix of flow shares. In such a

situation, the researcher can construct the flow-share matrix by dividing the flow by the sum
of the flows for a particular location. By summing the flows for a location, the researcher can
also obtain the values of endogenous variables for the current equilibrium. The researcher
then not only knows the first-order changes to equilibrium quantities but also the initial
quanitities and therefore have the requirements to compute a counterfactual equilibrium,
rather than simply changes to endogenous variables.

Relatedly, we note that the data that is sufficient to conduct comparative statics (i.e.
data on flow shares) is invariant to the researcher’s choice of endogenous variables. For
many systems of equations, the researcher makes a choice regarding the endogenous vari-
able of interest depending on the empirical context. The same system of equations can
lead to multiple formulations with different endogenous variables. So long as the map-
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ping for a new change of variables is invertible (at least locally), positive, and continu-
ously differentiable, the implicit function can be applied and the same data on flow-shares
are sufficient to compute comparative statics.7 For example, consider a common scenario
where endogenous variables are related in a log-linear fashion, and we have computed the
comparative static for xhi i = 1, . . . , N ; h = 1, . . . , H, and we seek instead to obtain the
comparative static equations for x̃ih which are related to xih by the following function
that is loglinear to an exogenous location-specific constant and other endogenous variables:
x̃ih = Dih

󰁔
h′ x

ηhh′
h′i for i = 1, . . . , N ; h = 1, . . . , H, where ηhh′ is (h, h′) the element of a

matrix η, and Dih is exogenous. Denoting the x̄i to be a vector whose elements are equal
to x̄ih = x̃ih/Dih, we have the matrix relation, ln(x̄i) = η ln(xi), and if η is invertible,
ln(xi) = η−1 ln(x̄i). Moreover, the relationship in changes is independent of the location-
specific variable: d ln(x̄i) = d ln(x̃i) = ηd ln(xi). When the matrix η is invertible, then the
implicit function theorem applies to the transformed function, and we can obtain the new
comparative static using a transformation of the previous one: ∂ ln x̃∗

∂ ln θ′ = (η ⊗ I)∂ ln x∗

∂ ln θ′ . Thus
both comparative statics can be computed using data on flow-shares. While these choices
may lead to new elasticities to consider (e.g. the matrix η), they may still utilize the same
flow-share data.

Second, consider some well-known parameterizations of Kijh. If θk depends on both
locations i and j, as in gravity models (θk = di′j′h) with Kijh ∝ dφ

ijh, then

󰁫
Th

󰁬

ik
= φ

󰁫
X(h)

󰁬

ij′
if i = i′, 0 otherwise.

This describes the comparative static for location i in interaction h. In gravity models with
sender and receiver interactions, it is often the case that di′j′h appears in both interactions.

Suppose we have a transport cost matrix D, with d·,l denoting the lth column, dl,· the lth

row, and dl,k the element in row l and column k. For a separate interaction h′, we may have
di′j′h = di′j′h′ = di′j′ for i′, j′ = 1, . . . , N and Kijh′ ∝ dφ

jih′ = dφ
ji, implying

󰁫
Th′

󰁬

ik
= φ

󰁫
X(h′)

󰁬

ij′
if i = i′, 0 otherwise.

Because Kijh ∝ dφ
ij in one interaction and Kijh ∝ dφ

ji in the other, the two interactions differ
7 For example, in the international-trade context, Allen et al. (2020) use a trade model of the constant-

elasticity type (e.g. (Arkolakis et al. (2012))) and choose export and import prices as their endogenous
variables of interest to understand the impact of a hypothetical trade war with China. In their results
using a constant-elasticity trade model, Kleinman et al. (2024) use incomes and welfare to study the impact
of productivity growth in one country on the income and welfare of other countries. Underlying these
two models are the same balanced-trade assumptions from Arkolakis et al. (2012). These two choices of
endogenous variables are related via a log-linear transformation, and therefore flow-share data can be used
in both contexts.
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structurally when stacked in matrix form.
For example, let θ = vec(D) (stacking columns of D). If dij denotes the cost from

sender (e.g., exporter or residence) to receiver (e.g., importer or workplace), denote the
sending interaction as h = s and the receiving interaction as h = r (with some abuse of
notation). Then:

󰁫
Ts

󰁬
= φ

󰀓
X(s) ⊗ 1

󰀔
◦

󰀓
1 ⊗ I

󰀔
,

󰁫
Tr

󰁬
= φ

󰀓
1 ⊗ X(r)

󰀔
◦

󰀓
I ⊗ 1

󰀔
.

In trade models, X(s) is the export-share matrix (share of each country’s exports going to
each other country), while X(r) is the import-share matrix. The resulting comparative static
is then:8

∂ ln xsl

∂ ln dij

= [A−1
s,s ]li φ[X(r)]ij + [A−1

s,r ]l,j φ[X(s)]ji + . . . , l, i, j = 1, . . . , N, (12)

∂ ln xrl

∂ ln dij

= [A−1
r,s ]l,i φ[X(s)]ij + [A−1

r,r ]l,j φ[X(r)]ji + . . . , l, i, j = 1, . . . , N. (13)

Here [A−1
h,h′ ]ij denotes the (i, j) element of the (h, h′)th block of A−1, and the . . . indicate

additional terms if other interactions include dij in the equilibrium equation.
In trade models with goods-market clearing and balanced trade, xsl may represent ex-

porter prices and xrl importer price indices (see Allen et al. (2020)). In other contexts,
endogenous variables may lack a clear sender/receiver interpretation. For example, in eco-
nomic geography, Allen and Arkolakis (2025) use wages wi and population Li. Despite
different definitions, the structure of (12) remains: a weighted sum of terms, with weights
given by observable flow-share matrices [X(s)] and [X(r)].9

If θk depends on a left-hand-side–indexed parameter, e.g. θk = Ak and Kijh ∝ Ai for
some h, then

[Th]ik = 1 if i = k, 0 otherwise,

so T(h) = I.
If θk depends on a right-hand-side–indexed parameter, e.g. θk = Ak and Kijh ∝ Aj, then

[Th]ik = [X(h)]ik.
In a gravity setting where exogenous fundamentals appear in both interaction equa-

tions—for instance Kijh ∝ UiAj for interaction h and Kijh′ ∝ AiUj for h′—we stack the
8See Allen et al. (2020) for an alternative derivation.
9This structure can change if one applies a monotonic transformation to both sides of (1) or (7), so that

the right-hand side is not a simple sum across locations. In that case, the comparative statics remain the
same, but T and A take a different form; see Allen et al. (2020).
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identity and flow-share matrices. With θ = [U, A]′ ∈ R2N and [Th, Th′ ] ∈ R2N×2N , we have:
󰀵

󰀷Th

Th′

󰀶

󰀸 =
󰀵

󰀷 IN X(h)

X(h′) IN

󰀶

󰀸 .

The element-wise comparative statics are given by:

∂ ln xhl

∂ ln Ui

= [A−1
h,h]ll δl,i +

N󰁛

j=1
[A−1

h,h′ ]l,j[X(h)]i,j + · · · , l, i = 1, . . . , N, (14)

∂ ln xhl

∂ ln Ai

=
N󰁛

j=1
[A−1

h,h]l,j[X(h)]j,i + [A−1
h,h′ ]ll δl,i + · · · , l, i = 1, . . . , N, (15)

∂ ln xh′l

∂ ln Ui

=
N󰁛

j=1
[A−1

h′,h′ ]l,j[X(h′)]j,i + [A−1
h′,h]ll δl,i + · · · , l, i = 1, . . . , N, (16)

∂ ln xh′l

∂ ln Ai

= [A−1
h′,h′ ]ll δl,i +

N󰁛

j=1
[A−1

h′,h]l,j[X(h)]j,i + · · · , l, i = 1, . . . , N, (17)

Here, δij = 1 if i = j and 0 otherwise.
Third, Part 2 establishes conditions that guarantee a formulation of the comparative

statics which makes explicit that the partial-equilibrium effect is the largest term of a de-
caying Neumann series. It also provides upper bounds on the size of the remainder term for
an arbitrary series of parameter changes. This allows a researcher to make predictions and
understand mechanisms about the full general equilibrium effect without explicitly calculat-
ing the entire general equilibrium. Using Part (iii), if we conduct a comparative static by
increasing all parameters by 1%, the general equilibrium remainder for the change to one of
the endogenous variables corresponding to interaction h is less than

󰀂γ−1
h 󰀂∞ 󰀂T󰀂∞

󰀂αX󰀂∞

1 − 󰀂αX󰀂∞

in magnitude where γ−1
h corresponds to the hth row of γ−1. Often, 󰀂T󰀂∞ can be bounded

or expressed readily if we restrict parameters to a certain type—for example, only transport
costs or only productivity. For instance, if Kijh ∝ dij and we consider a 1% comparative
static change of all dij, then 󰀂T󰀂∞ ≤ 1, with equality attained when all dij are included.
When equality is attained, the remainder term is bounded by

󰀂γ−1
h 󰀂∞

󰀂αX󰀂∞

1 − 󰀂αX󰀂∞
,
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which whenever γ−1
h is nonnegative, 󰀂αX󰀂∞

1−󰀂αX󰀂∞
times the partial-equilibrium effect.10 Analo-

gous bounds are obtained if one changes all (or a subset of) fundamental productivities or all
(or a subset of) fundamental amenities. Loosely speaking then 󰀂αX󰀂∞

1−󰀂αX󰀂∞
is a measure of the

magnitude of the general equilibrium remainder, relative to the partial equilibrium effect.
For other comparative statics that do not involve changing all parameters, the researcher

can restrict attention to only the relevant columns of T, thus shrinking the bounds fur-
ther. These bounds represent the maximum possible error if one were to use the partial-
equilibrium effect to approximate general-equilibrium comparative statics. The theorem
therefore quantitatively establishes the importance of the partial-equilibrium effect relative
to the general-equilibrium effect, and proposes a tool to exploit this property.

Fourth, an elegant aspect of this result is the parallel between the conditions guaranteeing
uniqueness (and iterative computation) and those guaranteeing the Neumann representation.
The condition ρ(|α|) < 1, which guarantees existence of a unique solution, is equivalent to
ρ(|αX |) < 1, which guarantees that the comparative static can be expressed as a Neumann
series with the partial-equilibrium effect as its leading term. In Section B.3, we further show
that whenever α is sign-similar to a nonnegative matrix, ρ(|α|) = ρ(α). In this case, the
Neumann series representation is possible if and only if the model has a unique solution
for all geographies, and the rate of convergence of iterative computation of the equilibrium
coincides with the rate of decay of the Neumann series.

An intuition for this parallel can be seen by analyzing the role of |α| and ρ(|αX |) in
each theorem. Allen et al. (2024) show that ρ(|α|) < 1 guarantees that iterating on the
transformation function g̃ih(y, θ) in (7) leads to a contraction regardless of inputs. For
each interaction (h, h′), |αhh′ | in a constant-elasticity model describes the percent change
in yih from a 1% change in spatial variables yjh′ across all locations. Loosely speaking,
ρ(|α|) < 1 ensures that these effects are “small enough” for contraction. Similarly, when
spatial spillovers are sufficiently small, the general-equilibrium remainder decays, allowing a
Neumann series representation in which the partial-equilibrium effect is the first and largest
term, with subsequent terms representing dampened network-propagation effects mediated
by αX . We thus refer to boldsymbolαX as a spillover matrix.

Another parallel lies in the role of variable transformations. Allen et al. (2024) show that
transforming the system into the form of (7) yields sufficiency: ρ(|α|) < 1 implies a unique,
iteratively computable solution. However, alternative changes of variables can yield differ-
ent spectral radii and therefore different convergence rates (so long as the radius remains
below one). In the comparative-statics context, a change of variables alters the definition of

10This is an artificial counterfactual. Note that if all dij change by the same amount, there would be no
change to the relative values of the endogenous variables.
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what is held constant when computing partial elasticities—that is, it changes the definition
of the “partial-equilibrium effect.” We show that an alternative change of variables leads
to a different Neumann representation, with the zeroth-degree term again corresponding to
a partial-equilibrium effect, but defined under different local hold-constant conditions, and
with a potentially different decay rate. This flexibility is useful for two reasons. First, dif-
ferent definitions of the “partial-equilibrium effect” may be relevant in different empirical
settings. Second, certain transformations can make the partial-equilibrium effect more inter-
pretable—for example, if Γ̃ is diagonal, then Γ̃−1 is also diagonal, yielding simple closed-form
expressions.

We first redefine the partial-equilibrium effect flexibly based on what local equilibrium
forces are held constant:

Definition. Let f̃ih : RH×H × RH
++ × Θ → RNH

++ be defined as:

f̃ih(V, x, θ) ≡
󰁜

h′∈H
x

Vhh′
ih′

󰁛

j∈N
Kijh(θ)

󰁜

h′∈H
x

βhh′
jh′ .

The local partial equilibrium effect on xih, holding constant local equilibrium effects x
Vhh′
ih′ for

h = 1, . . . , H; h′ = 1, . . . , H from a change in parameter d ln κ on endogenous variable xih is
defined as the hth element of the vector:

∂LP
V ln(xi)
∂ ln κ

≡ (Γ + V − R)−1 ∂ ln f̃i

∂ ln κ
,

where xi are vectors whose h-th element is xih respectively, and ∂ ln f̃i

∂ ln κ
is a vector whose h-th

element is
󰁛

j

∂ ln f̃ih

∂ ln Kijh

∂ ln Kijh

∂ ln κ
.

This definition of the partial equilibrium effect allows one to flexibly choose what local
equilibrium forces are held constant. One can move the dependence of an entire local variable
(or multiple local variables) to the right-hand-side such that entire dependence on that local
variable (or multiple local variables) are held constant. The single-variable local-equibrium
effect is an example of this where we move the variables other than the one in question to the
to the right-hand-side, thereby holding constant all local equilibrium variables other than
the one in question.

One could also move part of the dependence of one variable, such that the remaining
part is left on the left-hand side. This may be valuable if one part of the dependence may
represent one equilibrium force (e.g. demand) and another part represents another force (e.g.
supply) and therefore separating these equilibrium forces allows the researcher to isolate each
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equilibrium force and analyze them separately.11

Theorem 2 (Alternative Neumann Series for a Change of Variable).
Part 1. (i.) Let γ̆(V) ≡ γ + V = Γ + V − R for V ∈ RH×H . Assume γ̆(V) is invertible.
Then, for a given V, A−1 can be expressed as the following Neumann series if and only if
ρ(ᾰX) < 1:

A−1 = ˘̃Γ−1
∞󰁛

k=0
ᾰk

X ,

where

˘̃Γ ≡ γ̆(V) ⊗ IN , ᾰX(V) ≡ (Vγ̆−1 ⊗ IN) + bdiag
󰀓
X(1), . . . , X(H)

󰀔
(Bγ̆−1 ⊗ IN).

The terms decay according to

󰀂ᾰX󰀂∞ = 󰀂V γ̆−1󰀂∞ + 󰀂B γ̆−1󰀂∞.

(ii.) Define
D

k
Vθ ln x∗ ≡ − ˘̃Γ−1ᾰk

XT

as the kth-degree term of the comparative static associated with the matrix V (i.e., such that
∂ ln x∗

∂ ln θ′ = 󰁓∞
k=0 D

k
Vθ).

The zeroth-degree term of the comparative static is equal to the local partial equilibrium
effect on xih, holding constant local equilibrium variables xih for h = 1, . . . , H; , h′ =
1, . . . , H:

D
0
Vθ ln x∗ = − ˘̃Γ−1T = ∂LP

V ln(x)
∂ ln θ′

Part 2. Choose V = γ − diag(γ), so that γ̆(V) = diag(γ). Then the zeroth-degree term
of the comparative static is equal to the single-variable local partial-equilibrium effect

−
󰀗
˘̃Γ−1T

󰀘

ih
= ∂SLP ln xih

∂ ln κ
.

Proof. See Section 2

Part 1 of the theorem shows that there is flexibility in one’s choice of definition of partial
equlibrium effect, and that one’s choice determines how to structure one’s Neumann series
such that the partial equilibrium effect is equal to the zeroth degree term. In Allen et al.
(2020), the authors defined the partial equilibrium such that demand factors are held con-
stant. In this case, ˘̃Γ−1 represents the change in demand, tracing along the supply curve. The

11See for example Allen et al. (2020).
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second part of the theorem shows that one convenient definition of partial equilibrium (the
single-variable local partial equilibrium effect) corresponds to the zeroth degree comparative
static for a particular choice of V.

Both local and single-variable local effects can potentially be incorporated into
comparative-static analysis, but they have different requirements and interpretations.
Incorporating the single-variable effect has the benefit of interpretability: it is simply
the partial elasticity of the right-hand side of one equilibrium equation (3), holding all
other variables and spillover effects constant. It may also be expressed in a concise form,
permitting a better understanding of mechanisms whereas the local-effect approach may
not allow a simple expression of the partial equilibrium effect, depending on the structure
of matrix γ. The advantage of the local-effect approach lies in its connection to Theorem 1
in Allen et al. (2024). In the theorem, it is the |α| in the local approach (i.e. equation (7))
that is used to provide both sufficient and “globally” necessary conditions for uniqueness.
“Globally” necessary means that when ρ(|α|) > 1, then for any matrix of elasticities whose
absolute values is equal to |α| there exists geographies where there is multiplicity under the
model in (7). Such results suggests that the specification in equation (7) and the associated
α may be close to, if not the “best” one, in terms of guaranteeing Neumann representation
and reducing the spectral radius, although we do not provide theoretical results in this
regard.

2.1 Exact Counterfactual Analysis

Exact counterfactual analysis in the constant-elasticity spatial family all follow the same
structure and data requirements, and these data requirements are identical to those of first-
order analysis.

Denoting ·̂ to denote exact changes: x̂ = x′

x
where x′ denotes a counterfactual and

x denotes the baseline quantity, the system of equations for exact changes in equilibrium
quantities can be written with the same structure as equation (7):

ŷih =
󰁛

j∈N

󰁫
X(h)

󰁬

ij
K̂ijh

󰁜

h′∈H
ŷ

αhh′
jh′ (18)

where
󰁫
X(h)

󰁬

ij
is the i, j element of the share matrix X(h) defined in the previous section.

Given the same structure as before, where Kijh has been replaced by XijhK̂ijh and other
variables now have ·̂, this system has similar existence and uniqueness properties as the
system in (7). Once transformed variables have been computed, then the desired quantities
of the model can be computed as ln(x) = Γ̃−1 ln(y), where we note that in the exact
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representation, we are applying the matrix to the logarithm of variables instead of applying
them directly.

We also note that an exact version of “partial equilbrium effect” can be expressed, which
may be useful when considering large changes to the geography K̂ijh. The exact counterpart
to the local partial equilibrium effect defined using equation (18), holds fixed the right-hand-
side equilibrium variables in other locations: ŷjh′ = 1. We denote the local partial equilibrium
quantity as ŷLP .

ŷLP
ih =

󰁛

j∈N
XijhK̂ijh (19)

and again, the desired variables can be computed as ln(x̂LP ) = Γ̃−1 ln(ŷLP )
Similarly, the exact single-variable partial equilibrium effect can be expressed by holding

constant all variables in other locations as well as the other endogenous variables in the
current location. Like in the first-order case, the advantage of this approach is that one
need not apply a matrix inverse and so a closed-form expression is more easily obtained.
Manipulation of equation (3) leads to the following expression, and setting x̂ih′ = 1 if h′ ∕= h

as well as x̂jh′ = 1 for all j, h on the right-hand-side leads to the following explicit expression
for our desired variable xih. We denote this variables with the superscript: xSP .

x̂SP
ih =

󰀵

󰀷
󰁛

j∈N
XijhK̂ijh

󰀶

󰀸

1
γhh−ρhh

(20)

.
The exact representation has the advantage that it does not suffer from first-order ap-

proximation issues. Analysis of higher-order effects shows that the first-order effect amounts
to an approximation of a log of averages with the average of logs. Hence, the concavity of the
logarithm function leads the first-order approximation to underestimate an increase in en-
dogenous variables while overestimating the magnitude of a decrease in endogenous variables.
The disadvantage is that we do not present a Neumann series representation and therefore
properties of the exact-hat expression (e.g. its size relative to the general equilibrium effects)
are not as easily known. We explore these points in our quantitative application.

24



3 Partial and General Equilibrium Effects for Tokyo’s
Train System

What is the impact of improvements to commuting infrastructure on where people live and
work?

We apply our comparative-statics results to a simple gravity-based commuting model
to answer this question. We consider a simplified version of the model in Ahlfeldt et al.
(2015), discussed in Allen and Arkolakis (2022). In contrast to Ahlfeldt et al. (2015), this
version omits floorspace from the model. As a result, congestion forces arise explicitly from
spillovers rather than from the decreasing returns implied by a location-specific fixed re-
source (land). We show in Section A that the comparative statics are applicable to any
commuting model featuring a gravity equation that is log-linear in employment and popula-
tion. We also show that the model is isomorphic to a model with floorspace. If the amount
of land in each location allocated to commercial and residential uses is fixed exogenously,
then the reduced-form equations can readily accommodate floorspace in production. If, in
addition, preferences for residential housing takes the quasilinear form, then the model can
accommodate residential housing. More generally, a wide class of commuting models can be
incorporated into the structure of (1), provided land is exogenous and separated between
commercial and residential uses.

Indirect utility for an individual ω ∈ [0, 1] living in location i and working in location j

is given by
Vij(ω) = Uiwj󰂃ij(ω)

dij

,

where 󰂃ij(ω) ∼ Fréchet(θ), wj is the wage in workplace j, Ui is the amenity in residence
i, and dij is the commuting cost from i to j. Each location j produces a homogeneous
and costlessly traded good with constant-returns-to-scale production and productivity Aj,
using only labor: Amenities are a function of an exogenous component Ūi and residential
population: Ui = ŪiL

β
Ri. Productivity is similarly a function of an exogenous component Āj

and local employment: Aj = ĀjL
α
F j. Setting the price of the final good as the numéraire,

wages equal productivity: wj = Aj = ĀjL
α
F j.

The Fréchet distribution implies that commuter flows—the number of commuters between
residence i and workplace j—are

Lij = L̄
Ū θ

i Lβθ
RiĀ

θ
jL

αθ
F j

󰁓
i

󰁓
j Ū θ

i Lβθ
RiĀ

θ
jL

αθ
F j

, (21)

where L̄ is total employment in the economy and may or may not be exogenous, depending
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on population-mobility constraints.
Commuter market clearing requires that residential population in each location equals

the sum of outbound commuter flows, and that employment in each location equals the sum
of inbound commuter flows:

󰁛

i

Lij = LF j, (22)
󰁛

j

Lij = LRi. (23)

Section A.2 uses equations (21)–(23) to describe equilibrium as a system of 2N equations
in 2N unknowns:

L̃Ri =
󰁛

j

d−θ
ij Ū θ

i Āθ
j L̃

αθ
F jL̃

βθ
Ri, (24)

L̃F j =
󰁛

i

d−θ
ij Ū θ

i Āθ
j L̃

βθ
RiL̃

αθ
F j, (25)

where L̃Ri ≡ κRLRi and L̃F j ≡ κF LF j are unknowns, and κR, κF are endogenous scalars that
depend on population-mobility constraints.

From Allen et al. (2024), the sufficient condition for uniqueness implies that when con-
gestion forces are strong enough (here, when θα ∈ (−1

2 , 1
2) and θβ ∈ (−1

2 , 1
2)), the system

has a unique solution for L̃Ri, L̃F j, and hence solutions for LRi, LF j that are unique up to
scale.

Definition. Given parameters {θ, α, β}, exogenous characteristics and commuting costs
{Ā, Ū, D}, an equilibrium is defined by the set of endogenous outcomes {L, LR, LF, L̄},
determined up to scale, that satisfy (21)–(23).

An implication of the uniqueness-up-to-scale result is that relative population between
two locations (e.g., LR1/LR2) is invariant to the total city population, conditional on primi-
tives {Ā, Ū, D}. We exploit this property throughout our analysis.

We begin by considering the exact general-equilibrium impact of the train system. Figure
2 shows the changes in population and employment, while Figure 1 shows the corresponding
density gradients. We find that Tokyo’s train system centralizes both employment and
population, with steeper gradients when trains are included. Removing trains from today’s
equilibrium reduces central Tokyo’s share (within 20 km of the Imperial Palace) of population
by 10% and of employment by 31%. The employment effect mirrors earlier studies showing
that transportation improvements lead to employment concentration in city centers, whereas
the centralizing impact on population has few empirical precedents.
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Tokyo is one of the densest cities in the world (see Table 1), with roughly 40 million
residents—about twice that of the New York–Newark metro area—living in an area about
30% smaller. Understanding why our model implies strong centralization may shed light on
both Tokyo’s density and the dynamics of other cities with large train networks and dense
centers, such as New York City.

Suppose we consider a series of small changes to transportation costs d ln dij. We are
interested in the total differential:

d ln LRl =
󰁛

i,j

∂ ln LRl

∂ ln dij

d ln dij.

We must first determine ∂ ln LRl

∂ ln dij
, i.e., the change in population resulting from a change in

commuting costs d ln dij.
We apply the comparative-statics results from Section 2 to describe the impact of a change

in commuting costs on the normalized variables L̃Ri and L̃F j, expressed as a 2N ×N2 matrix:

Theorem 3. Given a solution L̃R and L̃F to the system of equations (24)–(25), the elas-
ticities of relative population and relative employment with respect to commuting costs are
given by the following expression, whenever the matrix A is full rank:

󰀵

󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀷

∂ ln L̃R

∂ ln d

∂ ln L̃F

∂ ln d

󰀶

󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀸

= −A−1T. (26)

where

A ≡

󰀵

󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀷

(1 − βθ)I −αθ
L

LR

−βθ
L⊤

LF
(1 − αθ)I

󰀶

󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀸

, T ≡

󰀵

󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀷

θ
󰀕 L

LR
⊗ 1

󰀖
◦ (1 ⊗ I)

θ

󰀣

1 ⊗ L⊤

LF

󰀤

◦ (I ⊗ 1)

󰀶

󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀸

. (27)

Here 1 is a row vector of ones, I is the identity matrix, ◦ denotes the Hadamard product,
and ⊗ denotes the Kronecker product. L̃R ≡ κRLR and L̃F ≡ κF LF are column vectors,
where κR, κF are endogenous scalars that depend on population-mobility constraints. L is the
commuter-flow matrix with entries Lij = [L]ij, LF is the employment vector LF j = [LF ]j,
and LR is the residential-population vector LRi = [LR]i. A is a 2N × 2N matrix and T is a
2N × N2 matrix.
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Specifically:

−∂ ln L̃Rl

∂ ln dij

= A−1
li θ

Lij

LRi

+ A−1
l,N+j θ

Lij

LF j

, (28)

(29)

−∂ ln L̃F l

∂ ln dij

= A−1
N+l,i θ

Lij

LRi

+ A−1
N+l,N+j θ

Lij

LF j

, (30)

where A−1
li ≡ [A−1]li is the (l, i) element of A−1.

In our notation from Section 2, we have

γ =

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

(1 − βθ) 0

0 (1 − αθ)

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸
, Γ̃ =

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

(1 − βθ)I 0

0 (1 − αθ)I

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸
, B =

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

0 αθ

βθ 0

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸
,

α =

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

0 αθ
1−αθ

βθ
1−βθ

0

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸
, X =

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

L
LR

0

0 L⊤

LF

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸
, αX =

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

0 αθ
1−αθ

L
LR

βθ
1−βθ

L⊤

LF
0

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸
.

A number of remarks are in order.
First, writing the comparative statics in terms of normalized variables is useful for

studying relative changes, since relative changes do not depend on the endogenous scalar:
∂ ln(LR1/LR2)

∂ ln d = ∂ ln(L̃R1/L̃R2)
∂ ln d , and therefore do not depend on population mobility constraints.

How should one interpret the normalized results when we are not comparing two loca-
tions? One interpretation is to consider a hypothetical location within the city (i.e., with
free mobility) that has positive population and employment but is in commuting autarky
(i.e., no commuting in or out). Any comparative static on normalized variables can then be
viewed as relative to this hypothetical location.

Second, the comparative statics are written in terms of observables, L
LF

, L
LR

, and param-
eters αθ, βθ. The matrix L

LR
gives commuting probabilities conditional on residence, while

L
LF

gives commuting probabilities conditional on workplace. The terms αθ and βθ are the
productivity and residential-congestion parameters scaled by the Fréchet parameter θ. Thus,
given parameters and the commuter-flow matrix L, the comparative statics can be readily
computed using a matrix inversion. Knowledge of the full model primitives is not required.
Since commuter-flow data are commonly available for urban areas, this is a useful result.

Equations (28) and (30) highlight that relative changes in population and employment are
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each a sum of two terms. Consider the residential-population equation (28). The first term,
A−1

li θ Lij

LRi
, which we call the residential effect, is proportional to the exposure of residents

in location i to the commuting improvement from i to j, measured by Lij

LRi
, the share of

commuters from i who work in j. The second term, A−1
l,N+jθ

Lij

LF j
, which we call the firm effect,

is proportional to the exposure of employment in location j to the commuting improvement
i to j, measured by Lij

LF j
, the share of workers in j who commute from i.

As we will see, the residential effect captures the general-equilibrium impact on location
l from residents of i having better access to firms in j, while the firm effect captures the
general-equilibrium impact on l from firms in j having better access to residents in i.

To better understand the comparative statics, we implement our Neumann series follow-
ing Section 2.12

Theorem 4. The matrix inverse of A can be expressed as a Neumann series whenever the
spectral radius of αX is less than one:

A−1 =
∞󰁛

k=0
Γ̃−1αk

X =
∞󰁛

k=0

󰀵

󰀹󰀹󰀷

1
1−βθ

I 0

0 1
1−αθ

I

󰀶

󰀺󰀺󰀸

󰁿 󰁾󰁽 󰂀
Γ̃−1

󰀵

󰀹󰀹󰀷

0 αθ
1−αθ

L
LR

βθ
1−βθ

LT

LF
0

󰀶

󰀺󰀺󰀸

k

󰁿 󰁾󰁽 󰂀
αX

(31)

Thus, the comparative statics on residential population can be expressed as

∂ ln L̃Rl

∂ ln dij

= −θLij

LRi

󰀓
Ã0

li + Ã1
li + · · ·

󰀔

󰁿 󰁾󰁽 󰂀
A−1

li

+−θLij

LF j

󰀓
Ã0

l,N+j + Ã1
l,N+j + · · ·

󰀔

󰁿 󰁾󰁽 󰂀
A−1

l,N+j

, (32)

where Ãk
li is the (l, i) element of Γ̃−1αk

X .13

The terms αk
X decay according to

󰀂αk
X󰀂∞ ≤ ζk for all k = 1, 2, . . . ,

where ζ ≡ max
󰁱󰀏󰀏󰀏 αθ

1−αθ

󰀏󰀏󰀏 ,
󰀏󰀏󰀏 βθ

1−βθ

󰀏󰀏󰀏
󰁲

and 󰀂 · 󰀂∞ is the maximum-row-sum norm. The spectral
radius is

ρ(αX) = γ ≡

󰁹󰁸󰁸󰁷
󰀏󰀏󰀏󰀏󰀏

αθβθ

(1 − αθ)(1 − βθ)

󰀏󰀏󰀏󰀏󰀏.

This formulation allows us to decompose the two terms A−1
li θ Lij

LRi
and A−1

l,N+jθ
Lij

LF j
(and

12See Allen et al. (2020) and Allen and Arkolakis (2025) for a similar Neumann-series expansion in trade
and geography models.

13Here the superscript k in Ãk
li indexes propagation degree, not exponentiation.
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their sum) into network-propagation effects, where each term isolates the population response
to a shock transmitted through the network with different propagation length. It also makes
clear that the k-degree impact arises recursively: the k-degree effect reflects transmission of
the (k−1)-degree response through the network, via equations (24)–(25).

It is useful to define

BX ≡ bdiag
󰀓
X(1), . . . , X(H)

󰀔
(B ⊗ IN) =

󰀵

󰀹󰀹󰀷

0 αθ L
LR

βθ LT

LF
0

󰀶

󰀺󰀺󰀸 ,

which implies αX = BXΓ̃−1.
The kth degree residential effect and kth degree firm effect with respect to population l

(LRl) are defined as −Ãk
liθ

Lij

LRi
and −Ãk

l,N+jθ
Lij

LF j
, respectively, where Ãk

li is the (l, i) element
of Γ̃−1αk

X .
Thus, the kth term of the comparative static is equal to the sum of the kth-degree resi-

dential and firm effects:

󰁫
D

k
dij

ln x∗
󰁬

Rl
= −Ãk

liθ
Lij

LRi
+ −Ãk

l,N+jθ
Lij

LF j
.

where x∗ = [L̃R1, . . . , L̃RN , L̃F 1, ..., L̃F N ]′ and
󰁫
D

k
dij

ln x∗
󰁬

Rl
denotes the lth element of the

“R” block (i.e. the first block) of the vector D
k
dij

ln x∗.
Consider for example a setting where commuting costs fall between two locations, 1 and

2, by −d ln d12, improving the commute from location 1 to 2.
The first term of the residential-effect series (the zeroth-degree effect) is Ã0

11θ
L12
LR1

=
[Γ̃−1]11θ

L12
LR1

= 1
1−βθ

θ L12
LR1

. It captures the impact of the commuting improvement on locations
directly connected to the improvement (i.e., zero degrees of separation from the shock),
prior to interaction with other locations through the commuting network. It consists of
two parts: the direct residential propagation effect and the local equilibrium response. The
direct propagation effect is the immediate impact on the equilibrium variable (in this case,
population in location 1) that results from the propagation shock (zeroth degree) while
holding the congestion force in that location constant. In our example, the zeroth-degree
direct residential effect is θ L12

LR1
. The local equilibrium response is the adjustment of the

equilibrium variable in response to the change in congestion in that location (e.g., in location
1), which in this case is captured by the factor 1

1−βθ
in the diagonal matrix Γ̃−1. The total

zeroth-degree effect is then Ã0
11θ

L12
LR1

= 1
1−βθ

θ L12
LR1

.
On the other hand, the zeroth-degree firm effect is zero because the direct effect on firms

in location 2 only affects those firms (hence the off-diagonal elements of Γ̃−1 are zero) and
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requires an additional degree of separation to reach residential location 1. Thus, the zeroth
degree propation effect is equal to 1

1−βθ
L12
LR1

.
Consider next the first-degree effects: Ã1

11θ
L12
LR1

= [Γ̃−1αX ]11θ
L12
LR1

= [Γ̃−1BXΓ̃−1]11θ
L12
LR1

,
and Ã1

1,N+2θ
L12
LF 2

= [Γ̃−1BXΓ̃−1]1,N+2θ
L12
LR1

. Following the zeroth-degree shock to location-1
residents, the first-degree residential effect propagates to all firm locations, each one expe-
riencing a direct shock that scales the zeroth-degree shock by αθ L1j

LF j
for each workplace j,

represented by matrix BX . However, residential locations do not experience such a shock
because residential spillovers are local and do not extend to other residential locations (hence
the diagonal blocks of BXΓ̃−1 are zero). Therefore, the first-degree residential effect is zero.

In contrast, the first-degree firm effect is nonzero. Following the zeroth-degree shock to
location-2 employment, the first-degree firm effect propagates to all residential locations, each
one experiencing a direct shock that scales the zeroth-degree shock (Ã0

1,N+2θ
L12
LF 2

= 1
1−αθ

θ L12
LF 2

)
by the factor βθ Li2

LRi
for each residential location i (represented by the lower-left block of BX).

The local equilibrium response in residential location 1 then scales this shock by 1
1−βθ

(the
first block of Γ̃−1), producing a total first-degree effect of Ã1

1,N+2θ
L12
LF 2

= [Γ̃−1αX ]1,N+2θ
L12
LF 2

=
αθ

(1−βθ)(1−αθ)θ
L12
LF 2

.
By now, the recursive nature of the kth-degree is clear. Given the (k−1)-degree residen-

tial effects across all locations, Ãk−1
ij θ L12

LR1
= [Γ̃−1αk−1

X ]ijθ L12
LR1

, the kth-degree direct residential
effect is a linear combination of the (k−1)-degree effects weighted by BX , leading to a di-
rect impact of BX [Γ̃−1αk−1

X ]ijθ L12
LR1

. The local equilibrium response then scales this by Γ̃−1,
leading to a total kth-degree residential effect of [Γ̃−1αXαk−1

X ]11θ
L12
LR1

= [Γ̃−1αk
X ]11θ

L12
LR1

. Anal-
ogous expressions hold for the firm effect, and also for comparative statics on employment
(equation (30)).

In summary, BX mediates the direct propagation effect between degrees of separation,
while Γ̃−1 captures the local equilibrium response. The kth-degree term of the comparative
static is thus the residual impact of the initial shock after dissipation through the network
(via equations 24 and 25) k times. The total impact is the sum of all k-degree comparative
static terms. The following theorem summarizes these results and provides bounds on the
relative importance of the partial equilibrium effect relative to the full general equilibrium
effect, for a location whose residents receive improved commuting access to a workplace.

Definition. The partial equilibrium impact on population for location l for a change
in commuting costs dij is the partial elasticity of normalized population, L̃Rl with re-
spect to dij, holding constant normalized employment in all locations (including l):
∂ ln L̃Rl

∂ ln dij

󰀏󰀏󰀏
L̃F j fixed for all j

.14

14In this application, the right-hand side variable (employment) is indeed fixed in all locations, rather
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We note that in this application, the single-variable partial equilibrium effect and the
local partial equilibrium effect correspond to the same expression, because each equation
(24) and (25) contains only one “local” variable and hence γ is a diagonal matrix. Thus
the log of the composite variable is proportional to the log of the endogenous variable of
interest. We therefore do not need to consider alternative changes of variables to obtain
simple expressions for the partial equilibrium effect, as we might in a more complex model
(where γ is not diagonal).

Theorem 5. Partial-equilibrium Impact on Population
(i.) The partial equilibrium effect is the zeroth-degree term of the comparative static and is
equal to ∂ ln L̃Rl

∂ ln dij

󰀏󰀏󰀏
L̃F j fixed for all j

= −θLij

LRi

1
1−βθ

if l = i and 0 otherwise.
(ii.) Applying the bounds in Theorem 1 (iv) implies that for any small change d ln dij, the
magnitude of the remainder term is less than max

󰁱󰀏󰀏󰀏 1
1−βθ

󰀏󰀏󰀏 ,
󰀏󰀏󰀏 1

1−αθ

󰀏󰀏󰀏
󰁲

max
󰁱

θLij

LRi
, θLij

LF j

󰁲
󰀂αX󰀂

1−󰀂αX󰀂

where 󰀂αX󰀂 = max
󰁱󰀏󰀏󰀏 αθ

1−αθ

󰀏󰀏󰀏 ,
󰀏󰀏󰀏 βθ

1−βθ

󰀏󰀏󰀏
󰁲
.

(iii.) If l = i and αβ > 0, the partial equilibrium effect is at least 1 − γ2 of the residential
effect A−1

li θ Lij

LRi
, and is at least 1−γ2

1+ LiR
LjF

| αθ
1−αθ | of the full general equilibrium effect ∂ ln L̃Rl

∂ ln dij
, where

γ =
󰁵󰀏󰀏󰀏 αθβθ

(1−αθ)(1−βθ)

󰀏󰀏󰀏.

Proof. See Section C.

Section C shows that the block off-diagonal structure of matrix αX in this problem allows
us to provide bounds beyond those in Section 2. When the elasticities α and β have different
signs, the bounds improve further due to the alternating impacts of each shock.15

In Allen and Arkolakis (2022), the authors parametrize α = −0.12, β = −0.1, θ = 6.83,
based on estimates from Ahlfeldt et al. (2015), such that our conditions on the signs of α, β

are satisfied, yielding 󰀂αX󰀂 ≈ 0.45, γ ≈ 0.43, and γ2 ≈ 0.18. With these assumptions, part
(ii) implies that whenever one considers a change in commute costs d ln dij with LRi < LF j,
the partial equilibrium effect on population LRi is at least 1.2 times the remainder term and
at least 54% of the general equilibrium effect. If we use part (iii), these parameters imply
that the partial equilibrium is at least 81% of the residential effect, and if we consider a
comparative static where the population in the location in question is equal to employment
in the commuting location (i.e., LiR = LjF ), then the partial equilibrium effect is at least
56% of the full general equilibrium effect.

than the more artificial definition we discussed in Section 3. The reason is that the left-hand side variable
(population) does not appear on the right-hand side, so there is no ambiguity about what is being held
constant.

15Many gravity-related models may share this structure (and therefore similar bounds), because the sender
and receiver are the two main interactions and form a closed loop after two propagations.
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A limitation of the above theorem is that the comparative-static expression speaks to the
impact on “normalized” population, which is less useful in isolation. However, comparisons
of this expression across locations are more directly applicable, as we now discuss.

Most transportation improvements increase commuting access in both directions. If com-
muting infrastructure improves between two locations while commuting costs are unchanged
between all other pairs, what is the partial equilibrium impact on the relative populations
of these two locations, and how does it compare with the general equilibrium impact?

In other words, if there is a symmetric improvement in commuting between locations 1
and 2, we are interested in the comparative static −

󰁫
∂ ln(LR1/LR2)

∂ ln d12
+ ∂ ln(LR1/LR2)

∂ ln d21

󰁬
. The follow-

ing theorem addresses this case when α, β < 0, which is the assumption in our quantitative
analysis.

Definition. Given a series of changes to parameters ∆ ln θ ∈ RM where [∆ ln θ]m = ∆ ln θm,
the kth degree comparative static for endogenous variable xlh is equal to

∆k ln xlh ≡ e′
lhD

k
θ ln x∗∆ ln θ.

where elh ∈ RNH is the vector with 1 in the lth element of the hth and 0 in all others.

Definition. The kth degree comparative static on residential location l for a series
of changes to commuting costs {d ln dij} ∈ RN×N is the sum of the kth-degree in-
dividual propagation effects for each change in commuting cost, weighted by d ln dij:
󰁓

ij

󰀓
Ãk

liθ
Lij

LRi
+ Ãk

l,N+jθ
Lij

LF j

󰀔
d ln dij.

Theorem 6. Partial-equilibrium effect for symmetric improvement: −
󰁫

∂ ln(LRi/LRj)
∂ ln dij

+ ∂ ln(LRi/LRj)
∂ ln dji

󰁬

(i.) For a symmetric transportation improvement between two locations i and j,
such that d ln dij = d ln dji, the partial equilibrium effect on the relative populations,
∂ ln(LRi/LRj)

∂ ln dij
+ ∂ ln(LRi/LRj)

∂ ln dji

󰀏󰀏󰀏
L̃F l fixed for all l

, is equal to −θ
1−βθ

󰀕
Lij

LR
i

− Lji

LR
j

󰀖
and corresponds to the

difference in zeroth-degree terms of the comparative statics between the two locations.
(ii.) Based on Theorem 1, the magnitude of the general equilibrium remainder is
bounded by 2 × max

󰁱󰀏󰀏󰀏 1
1−βθ

󰀏󰀏󰀏 ,
󰀏󰀏󰀏 1

1−αθ

󰀏󰀏󰀏
󰁲

max
󰁱

θLij

LRi
, θLji

LRj
, θLij

LF j
, θLji

LF i

󰁲
󰀂αX󰀂

1−󰀂αX󰀂 where 󰀂αX󰀂 =
max

󰁱󰀏󰀏󰀏 αθ
1−αθ

󰀏󰀏󰀏 ,
󰀏󰀏󰀏 βθ

1−βθ

󰀏󰀏󰀏
󰁲
.

(iii.) Given statistics Lij

LRi
, Lji

LRj
as well as workplace conditional probabilities Lij

LF j
, Lji

LF i
,

and parameters αθ, βθ, a sufficient condition for a population shift from j to i (i.e.
−

󰁫
∂ ln(LRi/LRj)

∂ ln dij
+ ∂ ln(LRi/LRj)

∂ ln dji

󰁬
> 0) is if Lij

LRi
> 1

1−2γ2

󰁫
Lji

LRj
+

󰀓
Lij

LF j
+ Lji

LF i

󰀔
ᾱ

󰁬
, whenever

αθ ∈ (−1, 0], βθ ∈ (−1, 0], where ᾱ ≡
󰀏󰀏󰀏 αθ

1−αθ

󰀏󰀏󰀏. Equivalently, given statistics Lij, Lji as well
as population and employment in both locations LRj, LRi, LF j, LF i, and parameters αθ, βθ,
a sufficient condition for a population shift from j to i is if Lij

Lji
>

LRiLF j(LF i+LRj ᾱ)
LRjLF i(LF j(1−2γ2)−LRiᾱ) .
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Proof. See Section C.3.

To put some numbers to the bounds in part (ii.), suppose that θLij

LRi
= max

󰁱
θLij

LRi
, θLji

LRj
, θLij

LF j
, θLji

LF i

󰁲
.

Then, with α = −0.12, β = −0.1, the remainder term is less than 1.64 times
󰀏󰀏󰀏 1

1−βθ

󰀏󰀏󰀏 θLij

LRi
.

This information alone is not enough to guarantee whether there will be a population shift,
because the remainder term could still be larger in magnitude than the partial-equilibrium
effect.

Consider next the bounds in part (iii.), which use the structure of the αX matrix to
produce potentially tighter bounds. Suppose workplace conditional probabilities between two
locations equal the residential conditional probability of one location—for example, if Lij

LF j
=

Lji

LF i
= Lji

LRj
—then we have a population shift from location j to i if

Lij
LRi
Lji
LF i

> 1
1−2γ

[1 + 2ᾱ] ≈ 3,

using the same parameters. Under these assumptions, if the share of location 1’s residents
commuting to location 2 is at least three times the share of location 2 residents commuting to
location 1, then a symmetric transportation improvement will shift population from location
2 to location 1.

The theorem establishes that the statistic −θ
1−βθ

󰀕
Lij

LR
i

− Lji

LR
j

󰀖
is the leading term of a decay-

ing series, and it offers a way to guarantee the direction of a population shift using readily
available statistics.

One view of this sufficient condition is as a proof of concept showing how the matrix
structure can yield sharp theoretical predictions. One might think the partial-equilibrium
effect should have more predictive power than this result suggests, since many general-
equilibrium effects cancel out. In practice, however, we find that the sufficient condition is
informative in our application.

With our Tokyo data, we consider all combinations of symmetric improvements󰁫
∂ ln(LRi/LRj)

∂ ln dij
+ ∂ ln(LRi/LRj)

∂ ln dji

󰁬
between pairs of locations i ∕= j.16 For these pairs of locations

we compute our bounds and find that in 44% of improvements, our sufficient conditions are
satisfied and we can guarantee a population increase in one direction or the other.

Next, we run a linear regression of the general-equilibrium effect on our partial-
equilibrium statistic, θ

1−βθ

󰀕
Lij

LR
i

− Lji

LR
j

󰀖
. This regression yields an R2 of 0.997 and a

coefficient of 0.978, close to unity. The scatter plot is shown in Figure 3.
The strong predictive power arises from two factors. First, spatial spillovers are rela-

tively mild, leading to a spectral radius of 0.43, which—as noted earlier—means the partial-
equilibrium effect accounts for a large share of the full effect. Second, when we consider

16This is an artificial exercise, because any time there is an improvement between two locations there are
likely also improvements in connections between other pairs, due to the network structure of transportation
and as emphasized by Allen and Arkolakis (2022). Yet we view the exercise as meaningful for isolating the
theoretical effect of an improvement between just two locations.
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an isolated improvement between two locations, we only need to consider eight general-
equilibrium spillover channels. Each direction of improvement (dij and dji) has spillovers
through both residential and firm effects for each location. The number of spillover channels
grows with the square of the number of locations affected, which reduces the predictive power
of partial equilibrium when many commuting links change simultaneously.

What does this statistic tell us about Tokyo and the centralizing versus decentralizing
mechanisms in commuting models more broadly?

Our first observation is that the sufficient statistic is proportional to the difference in
a readily available statistic for two locations: the fraction of each location’s residents who
commute to the other location. In partial equilibrium, the difference in these two fractions is
proportional to the partial-equilibrium effect of a marginal symmetric transport improvement
between the two locations on their relative populations. In other words, if a higher proportion
of residents commute from one location to another than vice versa, then the location with the
higher proportion gains population relative to the other, according to the partial-equilibrium
effect.

The implications of this observation are twofold. First, radial improvements in commut-
ing infrastructure (i.e., those radiating from the center to the periphery) tend to decentralize
population away from the center whenever commuting from suburb to center is more common
than “reverse” commuting (center to suburb), as is typical in many cities.

In the Tokyo context, the average municipality in the periphery, which we define as the
region more than 40 km from the Imperial Palace, has a commuting share to the center
(within 20 km of the Imperial Palace) that is 20 times larger than that of the reverse flow.
Thus, radial improvements in Tokyo tend to shift population to the periphery when con-
sidered in isolation. Our bounds guarantee (ignoring general-equilibrium spillovers) that
symmetric improvements between peripheral and central locations increase peripheral pop-
ulation in 64% of pairs, while central population increases in only about 1% of pairs. Once
we account for general-equilibrium effects of these isolated symmetric improvements, we find
that in 91% of center–periphery pairs a symmetric improvement leads to a population shift
to the periphery.

A caveat is that transportation infrastructure forms a network: changing one link alters
commuting costs across many pairs in non-uniform ways. We refer the reader to Allen and
Arkolakis (2022), which provides an elegant methodology for analyzing this problem.

Second, subways and other center-focused transportation improvements may improve
access for all commuters but disproportionately benefit residents of the center, leading to
population centralization. Consider, for example, a symmetric four-location model arranged
in a line: 1–2–3–4, where locations 2 and 3 represent the core and locations 1 and 4 the
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periphery. Suppose there is no commuting across the entire city (so locations 1 and 4 cannot
reach each other). Now suppose commuting infrastructure improves along the core–core link
(2–3) as well as along the core–periphery links (1–2 and 3–4). Under common parameteriza-
tions of commuting costs, the percentage drop in costs between the cores is at least as large
as the drop between core and periphery: |d ln d23| ≥ |d ln d13|.17 In such an example, the
improvement tends to shift population from periphery to center if the share of core-to-core
commuting exceeds the share of peripheral-to-distant-core commuting (from 1 to 3 or from
4 to 2).

In the Tokyo context, compared to the average peripheral municipality, the average cen-
tral municipality is 26 times more likely to commute a location in central Tokyo, and the
average suburban municipality (defined as 20-40 km from the Imperial Palace) is 5 times
more likely to commute to central Tokyo. Our theory therefore predicts that central-focused
transportation improvements will centralize population. Indeed, if we consider a 1% sym-
metric improvement between central locations (holding within-location costs constant) and
a 1% symmetric improvement between central and non-central (peripheral and suburban)
locations, the partial-equilibrium effect implies, on average, a 0.6 percentage point popula-
tion shift toward central Tokyo relative to the periphery and a 0.3 point shift relative to the
suburbs. Once general-equilibrium effects are included, which act as a congestion force, the
centralizing effect is reduced to 0.3 and 0.2 percentage points, respectively.18

In summary, the question of whether or not a transportation system centralizes or decen-
tralizes population can be understood through the lens of these two types of improvements,
radial versus central-focused improvements.

Next, we consider the impact on population for a series of changes to commuting costs,
namely the impact of Tokyo’s entire train system. The first-order impact on normalized
population can be expressed as

∆L̃Rl =
󰁛

i,j

∂ ln L̃Rl

∂ ln dij

∆ ln dij,

while for the zeroth degree (i.e., partial-equilibrium effects), we can exclude all i ∕= l and
17For example, if commuting costs are multiplicative across links, d13 = d12d23, then d ln d13 = d ln d23. If

they are a power function of total commute time, d(t) = tξ, then |d ln d13| =
󰀏󰀏󰀏 ξt23

t12+t23
d ln t23

󰀏󰀏󰀏 < |ξd ln t23| =
|d ln d23|. More generally, if d = f(t) where t is commute time, this condition is violated only if the elasticity
of f grows faster than linearly in t, i.e. d

d ln t
d ln f
d ln t > 1. An example is f(t) = et2 , a form rarely used and not

supported by Tokyo’s commuter-flow data.
18Even if we include a 1% improvement between all suburban municipalities and peripheral ones, there

remains a 0.5% shift in population from the periphery to the center.

36



write
∆P ln L̃Rl = θ

1 − βθ

󰁛

j

Llj

LR
l

∆ ln dlj,

where we denote the partial-equilibrium change by ∆P . Thus, the partial-equilibrium effect
on location l is proportional to the weighted average of log changes in commuting costs
between location l and other locations, where the weights are the commuting shares to each
workplace location.

The exact change in population, ˆ̃LRi, is the solution (together with L̂F j) of the following
exact-hat system:

ˆ̃LRi =
󰁛

j

Lij

LRi

d̂−θ
ij

ˆ̃Lαθ
F j

ˆ̃Lβθ
Ri,

ˆ̃LF j =
󰁛

i

Lij

LF j

d̂−θ
ij

ˆ̃Lβθ
Ri

ˆ̃Lαθ
F j.

The exact partial-equilibrium effect, where normalized employment is held constant in
all locations and which we denote L̂P

Ri, can be written as

ˆ̃LP
Ri =

󰀵

󰀷
󰁛

j

Lij

LRi

d̂−θ
ij

󰀶

󰀸

1
1−βθ

. (33)

The exact-hat expression has the advantage of giving the exact partial-equilibrium effect
rather than just the first-order effect. While we do not characterize its magnitude relative
to the remaining general-equilibrium forces, we would expect it to have strong predictive
ability, especially when studying the full exact general-equilibrium effect (not only the first
order).

We assess the extent to which the first-order (∆ ln L̃Rl = 󰁓
i,j

∂ ln LRl

∂ ln dij
∆ ln dij) and exact-hat

(ln ˆ̃LP
Ri = ln

󰁫󰁓
j

Lij

LRi
d̂−θ

ij

󰁬 1
1−βθ ) partial-equilibrium effects explain the full general-equilibrium

effects. Specifically, we compare the exact and first-order general-equilibrium effects of
adding Tokyo’s entire train system to the first-order partial-equilibrium effect, which we
denote ∆ ln LP

Rl = 󰁓
i,j

∂ ln LRl

∂ ln dij

󰀏󰀏󰀏
L̃F l fixed for all l

∆ ln dij.
Because general-equilibrium effects on a particular location is a sum of effects from all

improvements including those that are not in direct contact with the location (l ∕= i), the
predictive power of the partial-equilibrium statistic should diminish. Given Tokyo’s extensive
transport network, we expect these general-equilibrium forces to be large, so we view this
exercise as a “lower bound” on the predictive value of partial equilibrium.

Regression of the first-order general-equilibrium effect on the first-order partial-
equilibrium effect shows that the partial-equilibrium effect explains 82% of the variation
in general-equilibrium first-order population changes due to Tokyo’s train system. The
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OLS slope coefficient is 0.67, indicating that the partial-equilibrium expression is biased
downward because of congestion forces embodied in the two spillover elasticities, both
negative.

Regression of the exact general-equilibrium effect on the first-order partial-equilibrium
effect does not perform as well, with an R2 of 0.58. The plot shows how higher-order
effects matter: the 45-degree line lies mostly below the logarithmic-like curve, consistent
with Jensen’s inequality playing a role. Finally, regression of the exact general-equilibrium
effect on the exact partial-equilibrium effect yields an R2 of 0.91 and an OLS coefficient of
0.6. These scatter plots are shown in Figures 4 and 5.

These results indicate that partial-equilibrium measures have strong predictive power
(under our parameter choices) even when considering large changes to infrastructure, but
their numerical values should not be used at face value for comparative-static analysis.

Figure 2 shows the changes in population and employment in exact counterfactuals of
adding and removing the train system, and shows that Tokyo’s train system exerts a large
centralizing force on both population and employment. In partial equilibrium, central Tokyo
experiences a 90% higher growth in residential access than the periphery (calculated using
the term in square brackets in the exact-hat partial equilibirium expression, equation 33),
translating to an approximately 45% higher change in central Tokyo’s population share rela-
tive to the periphery. However, 88% of central Tokyo’s growth in access was from improved
access to other central regions while 12% was from improved access to suburban and pe-
riphal regions. These findings, together with our theory suggest that a large part of Tokyo’s
centralization is due to its dense subway system.

In our final quantification (still to do), we show quantitatively that population central-
ization in Tokyo is indeed largely due to the dense core subway network. In counterfactuals
where we remove subway segments one by one in reverse order of construction, we find each
segment contributed significantly to centralization. In contrast, when we do the same exer-
cise for non-subway lines, which are more often commuter lines radiating to the suburbs, we
find these lines tended to shift population outward.
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4 Conclusion
What is the impact of commuting infrastructure improvements on where people live and
work in a city? In the case of Tokyo, we find that the train system has a centralizing impact
on both population and employment. Why?

To answer this question, we develop a comparative-statics framework for a wide class of
spatial models, of which our commuting model is one example. In addition to generalizing
results on comparative statics from the international trade literature to constant-elasticity
spatial models, we show that partial-equilibrium analysis provides a useful lens for under-
standing the mechanisms of such general-equilibrium models.

Applying this framework to a canonical urban commuting model, we argue that radial
transportation improvements—links connecting the city center to the periphery—tend
to shift population outward, while central-focused improvements—links within the city
core—tend to shift population inward, even when peripheral locations also benefit from the
improved connection. For Tokyo, we find strong evidence (based on sufficient-statistics)
that these mechanisms are at work. We further conduct counterfactuals removing subway
segments and find, consistent with theory, that the subway has a centralizing effect. Simi-
larly, when we remove non-subway commuter lines, we find, again consistent with theory,
that these lines have a decentralizing effect.

In summary, Tokyo’s train system centralized both population and employment, driven
by its dense subway network concentrated in the city’s core, and our theoretical framework
explains the mechanisms underlying this outcome.

5 Figures

Tokyo Metro New York Metro
Population ∼39m ∼20m
GDP ∼$2t USD ∼$2t USD
Area 14,000 sq km 21,000 sq km
Density (people/sq km) 2,600 900
Urban Population 10m 9m (NYC)
Urban Density (people/sq km) 15,000 11,000
Share of Car Commuters 23% 57%
Share of Train Commuters 54% 19%
Average Commute Time 40min 36min
Track Length ∼5,200 km ∼3,500 km19

Table 1: Statistics on Two Cities
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Population Gradient Employment Gradient

Figure 1: (need to edit) Log Population and Employment per Square Kilometer Versus
Distance to the Imperial Palace.

Population Gradient Employment Gradient

Figure 2: (need to edit) Change in Population and Employment from Removal of Train
System.
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Figure 3: First-order General Equilibrium Effects Versus Partial Equilibrium Effects of an
Isolated Symmetric Improvement Between Pairs of Municipalities in Tokyo
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A Reduced Form Commuting Gravity
In this section, we first introduce three model assumptions such that the model’s system
of equations can be written with the same structure and the same observables so that our
comparative analysis from section 3 is applicable. The purpose of the assumptions is simply
to layout the ingredients that imply that the system of equations represent a sum of commuter
flows, which are observable. Second, we show in the following section that the reduced form
structure can accommodate various assumption on land use provided that land is exogenously
separated between commercial and residential use and consumer preferences are quasilinear
in the consumption of floorspace.

Suppose there are N locations, indexed i ∈ S = {1, ..., N}. Define the residential popula-
tion, {LRi} ∈ RN

++ to be the number of workers living in location i, employment {LF j} ∈ RN
++

as the number of people working in location j. Commuter flows, {Lij} ∈ RN×N
+ , is the num-

ber of workers who live in i and work in workplace j.
Condition 1. There exists parameters φ ∈ R+, α̃ ∈ R, β̃ ∈ R, exogenous reduced-

form fundamentals {Ãi} ∈ RN
++, {Ũi} ∈ RN

++, and commuting costs dij ∈ R++ ∪ {∞} for
i, j = 1, ...N , and an endogenous scalar, ζ ∈ R++, such that commuter flows take the form:

Lij = ζd−φ
ij ŨiÃjL

α̃
F jL

β̃
Ri (34)

Condition 2. Residential Commuter Market Clearing:

󰁛

j

Lij = LRi (35)

Condition 3. Employment Commuter Market Clearing:

󰁛

i

Lij = LF j (36)

The following theorem establishes the existence of a unique-to-scale solution.

Theorem 7. Suppose for all i ∈ S, dij < ∞ for at least one j. Similarly for all j ∈ S,
dij < ∞ for at least one i. Then there exists a unique-to-scale solution to the system described
in Conditions 1, 2, and 3 if |α̃β̃|

|(1−β̃)(1−α̃)| < 1.
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In addition, the system can be written in the following “normalized” form:

L̃Ri =
󰁛

j

d−φ
ij ŨiÃjL̃

α̃
F jL̃

β̃
Ri (37)

L̃F j =
󰁛

i

d−φ
ij ŨiÃjL̃

β̃
RiL̃

α̃
F j (38)

where L̃Ri ≡ κRLRi and L̃F j ≡ κF LF j are the unknowns and κR, κF are endogenous
scalars that depend on population mobility constraints.

Proof. See Section B

Given our assumptions, residential commuter shares, L
LR

and workplace commuter shares
LT

LF
form our “flow share” expressions from theorem 1. The remaining results from section 3

follow directly, once we substitute αθ = α̃, βθ = β̃, θ = φ

A.1 Isomorphisms

We show in this section that the reduced form structure in section A can accomodate various
assumptions on land use provided that land is exogenously separated between commercial
and residential use and consumer preferences are quasilinear in the consumption of floorspace.

Derivations

A.2 Deriving Equilibrium System of Equations

Using the commuter flow equation (eq. 21) and residential and workplace market clearing
conditions (eq. 22 and23) and making the substitution

κ ≡
󰁓

i

󰁓
j(dijŪiL

β
RiĀjL

α
F j)θ

L̄
(39)

we have the following system of 2 × N + 1 equations and 2 × N + 1 unknowns.
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LRi = κ−1 󰁛

j

d−θ
ij Ū θ

i (LRi)βθĀθ
j(LF j)αθ (40)

LF j = κ−1 󰁛

i

d−θ
ij Ū θ

i (LRi)βθĀθ
j(LF j)αθ (41)

κ =
󰁓

i

󰁓
j(d−1

ij ŪiL
β
RiĀjL

α
F j)θ

L̄
(42)

These equations satisfy conditions 1, 2, and 3 in theorem 7, where Ũi = Ū θ
i , Ãi = Āθ

i , φ =
θ, β̃ = θβ, α̃ = αβ, ζ = κ−1.

Thus if the following conditions hold:

1. dij ∈ R++ ∪ {∞},

2. For all i ∈ S, dij < ∞ for at least one j,

3. For all j ∈ S, dij < ∞ for at least one i,

4. {Ãi} ∈ RN
++, {Ũi} ∈ RN

++

5. θ ∈ R+

6. |αθβθ|
|(1−βθ)(1−αθ)| < 1

, then there exists a unique-to-scale solution with {LRi} ∈ RN
++, {LF j} ∈ RN

++, to the system.
Theorem 7 uses the results from Allen et al. (2024) to establish existence of a unique

solution. The authors also offer a method to rid the system of quations of endogenous scalars
such as κ by absorbing them into the redefined endogenous variables. We first rearrange the
first two equations:

L1−βθ
Ri = κ−1 󰁛

j

d−θ
ij Ū θ

i Āθ
j(LF j)αθ

L1−αθ
F j = κ−1 󰁛

i

d−θ
ij Ū θ

i Āθ
j(LRj)βθ
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and define the change of variables:

yRi ≡ L1−βθ
Ri κDR

yF j ≡ L1−αθ
F j κDF

The first two equations of the system can then be rewritten as:

κ1−DRyRi =
󰁛

j

d−θ
ij Ū θ

i Āθ
j(yF j)

αθ
1−αθ κ−DF

αθ
1−αθ (43)

κ1−DF yF j =
󰁛

i

d−θ
ij Ū θ

i Āθ
j(yRi)

βθ
1−βθ κ−DF

βθ
1−βθ (44)

To eliminate the dependence on κ, we set D = [DR DF ]′ as the solution to the linear
system:

󰀵

󰀹󰀹󰀷

1

1

󰀶

󰀺󰀺󰀸 =

󰀵

󰀹󰀹󰀷

1 −αθ
1−αθ

−βθ
1−βθ

1

󰀶

󰀺󰀺󰀸

󰀵

󰀹󰀹󰀷

DR

DF

󰀶

󰀺󰀺󰀸

⇒

󰀵

󰀹󰀹󰀷

DR

DF

󰀶

󰀺󰀺󰀸 =

󰀵

󰀹󰀹󰀷

1 −αθ
1−αθ

−βθ
1−βθ

1

󰀶

󰀺󰀺󰀸

−1 󰀵

󰀹󰀹󰀷

1

1

󰀶

󰀺󰀺󰀸

We thus have the following system of 2 × N equations of 2 × N unknowns, where κ is no
longer present in the equations:

yRi =
󰁛

j

d−θ
ij Ū θ

i Āθ
jy

αθ
1−αθ

F j

yF j =
󰁛

i

d−θ
ij Ū θ

i Āθ
jy

βθ
1−βθ

Ri

Substituting back the original variables, and now defining L̃Ri ≡ κRLRi and L̃F j ≡ κF LF j

where κR ≡ κ
DR

1−βθ and κF ≡ κ
DF

1−αθ , we can rewrite the system as:
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L̃Ri =
󰁛

j

d−θ
ij Ū θ

i Āθ
j L̃

αθ
F jL̃

βθ
Ri

L̃F j =
󰁛

i

d−θ
ij Ū θ

i Āθ
j L̃

βθ
RiL̃

αθ
F j

as desired.
The population and employment variables, L̃Ri and L̃F j, are now expressed as a product

of the true population and employment variables, LRi and LF j, and the endogenous scalars
κR and κF , which depend on the population-mobility assumptions. These equations are
therefore useful for studying relative changes in population (e.g. LR1/LR2) and employment
(e.g. LF 1/LF 2).

B Proofs

B.1 Proof of Theorem 1

Proof. Denote γ ≡ (Γ − R). Note also that we defined α ≡ B(Γ − R)−1 = Bγ−1

Part 1. is a consequence of the implicit function theorem. We use the theorem to first
derive comparative statics for composite variables, ∂ ln y∗

∂ ln θ
= Ā−1T. Then given the change

of variables relationship: ln y∗ =
󰀓
γ ⊗ IN

󰀔
ln x∗, we have that ∂ ln x∗

∂ ln θ
= (γ ⊗ IN)−1 ∂ ln y∗

∂ ln θ
=

(γ ⊗ IN)−1 Ā−1T =
󰀓
Ā (γ ⊗ IN)

󰀔−1
T.

It suffices then to show that ∂ ln y∗

∂ ln θ
= Ā−1T, using the implicit function theorem.

Given the transformed system (7), taking logs of the left and right and subtracting, we
define the function Fih : RNH × Θ → RNH as follows:

Fi,h(y, θ) = ln (yih) − ln
󰀳

󰁃
󰁛

j∈N
Kijh(θ)

󰁜

h′∈H
y

αhh′
jh′

󰀴

󰁄

for i = 1, . . . , N, h = 1, . . . , H. We stack the functions as F = [F11, . . . , FN1, F12, . . . , FN2, F13, . . . , FNH ]′.
The implicit function theorem is applied to this vector of equations by taking the partial
elasticity with respect to the block vector y ≡ [y11, . . . , yN,1y12, . . . , yN2, y13, . . . , yNH ]′.
Taking the partial elasticity of ∂ ln(yih′ )

∂ ln yjh′ = 1 if i = j, h = h′. In matrix form, ∂ ln(y)
∂ ln y′ = IHN .

For the second term, we have:
∂ ln

󰀓󰁓
j∈N Kijh(θ)

󰁔
h′∈H y

αhh′
jh′

󰀔

∂ ln y for i = 1, . . . , N ; h = 1, . . . , H.
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When taking the derivative of with i, h-th term with respect to ln(yjh′), we have:

∂ ln
󰀓󰁓

j∈N Kijh(θ) 󰁔
h′∈H y

αhh′
jh′

󰀔

∂ ln yjh′
= αhh′

Kijh
󰁔

h′∈H y
αhh′
jh′

󰁓
j′ Kij′h

󰁔
h′∈H y

αhh′
j′h′

= αhh′
Kijh

󰁔
h′∈H y

αhh′
jh′

yih

We note that fractional term
󰁫
Xhh′

󰁬

ij
≡

Kijh

󰁔
h′∈H y

αhh′
jh′

yih
does not depend on h′, such that

we write
󰁫
Xhh′

󰁬

ij
=

󰁫
X(h)

󰁬

ij
. We note that X(h) is a row-stochastic matrix. The elements of

a row sum to one.
Putting together the coefficient vector, we have that each block, h, h′ of the NH × NH

matrix is equal to αhh′

󰁫
X(h)

󰁬
This can be written as bdiag

󰀓
X(1), . . . , X(H)

󰀔
(α ⊗ IN), which

we denote as αX . Thus, we have Ā = IHN − αX .
Taking the derivative with respect to ln θ′ results in dependence on X(h) again, leading

to the block-stacked matrix:T ∈ RHN×M where T =
󰁫
T′

1 · · · T′
H

󰁬′
with Th ∈ RN×M with

entries:

󰁫
Th

󰁬

i
=

N󰁛

j=1

󰁫
X(h)

󰁬

ij

∂ ln Kijh

∂ ln θ′ (h = 1, . . . , H; i = 1, . . . , N).

Part 2.
We have that A ≡ IHN − αX . Then A−1 can be written as the following Neumann

series if and only if ρ(αX) < 1. A−1 = 󰁓∞
k=0 αk

X . See theorems 7.10.8-11 of Meyer (2023).
We show that 󰀂αX󰀂∞ = 󰀂|αX |󰀂∞ = 󰀂α󰀂∞ = 󰀂|α|󰀂∞ . For any matrix A, the ab-

solute value does not change the value of the norm. Thus, it suffices to show 󰀂αX󰀂∞ =
󰀂α󰀂∞. We note that | bdiag

󰀓
X(1), . . . , X(H)

󰀔
(α⊗IN)| = bdiag

󰀓
X(1), . . . , X(H)

󰀔
|(α⊗IN)| =

bdiag
󰀓
X(1), . . . , X(H)

󰀔
(|α| ⊗ IN). The first equality is due to the non-negativity of X.

bdiag
󰀓
X(1), . . . , X(H)

󰀔
(|α|⊗IN) is a block matrix where each block h, h′ is equal to |αhh′ |X(h)

Because X(h) is row stochastic, the row sum of each block |αhh′ |X(h) is |αhh′ |, and thus the
row sum across all blocks is equal to 󰁓

h′ |αhh′ |, the same as the row sum of row h′ of α.
Thus, the maximum absolute row sums are the same between the two.

We demonstrate the properties of ρ(αX). For any matrix,A, ρ(A) ≤ ρ(|A|). (See for
example Theorem 8.1.18. of Horn and Johnson (1985)). Thus ρ(αX) ≤ ρ(|αX |).

We next show that ρ(αX) ≥ ρ(α).
We have that αX ≡ bdiag

󰀓
X(1), . . . , X(H)

󰀔
(α ⊗ IN). For any vector ξ ∈ RH , let ξ̃ be
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the block-constant vector ξ̃ ≡ ξ ⊗ 1N . For any vector ξ ∈ RH , we then have:

(α ⊗ IN)ξ̃ = (αξ) ⊗ 1N

diag
󰀓
X(1), . . . , X(H)

󰀔
ξ̃ = ξ̃ = ξ ⊗ 1N

where the second line follows from the property that each block X(h) is row-stochastic
for all h and therefore X(h)1N = 1N for all h.

Applying the matrices in order, we thus have:

αX ξ̃ = bdiag
󰀓
X(1), . . . , X(H)

󰀔
(α ⊗ IN)ξ̃ = (αξ) ⊗ 1N

Hence for any v ∈ RH where αv = λv, then αX (v ⊗ 1N) = λ (v ⊗ 1N). In other words,
any eigenvalue of α is also an eigenvalue of αX . Thus, we have that ρ(αX) ≥ ρ(α).

Next, we show that ρ(|αX |) = ρ(|α|). The same argument as above can be used to show
that ρ(|αX |) ≥ ρ(|α|).

Collatz-Wieland’s formula states that ρ(|αX |) ≤ maxi
(|αX |v)i

vi
for any positive vector v.

The nonnegativity of |α| implies that there exists a nonnegative w of |α| for which the
eigenvalue is λ = ρ(|α|) > 0 (see for example Theorem 8.3.1 in Horn and Johnson (1985)).
Let 󰂃 > 0, y = w + 󰂃1H such that y is positive. Then choose v = y ⊗ 1N . We have
that maxi

(|αX |v)i

vi
= ρ(|α|) + maxi

(|α|󰂃1H)i

yi
, whose limit as 󰂃 → 0 implies ρ(|αX |) ≤ ρ(|α|).

Combining both results, we have ρ(|αX |) = ρ(|α|).
ii.

The zeroth term of the comparative static is equal to −Γ̃−1T, while the full general
equilibrium effect is equal to −Γ̃−1 󰁓∞

k=0 αk
XT.

Taking the partial derivative of g̃(·, Kijh(θ)) results in: 󰁓
j

∂ ln gih

∂ ln Kijh

∂ ln Kijh

∂ ln κ
= 󰁓

j Xijh
∂ ln Kijh

∂ ln κ
,

resulting in the same structure as equation 10. This is equal to the local partial equilib-
rium effect on composite variable yih. In matrix notation, we have b = T, so we have
Γ̃−1T = Γ̃−1b as desired. If we are considering a vector, then we use the row vector θ′

instead of κ.
Part iii.

For any norm 󰀂 · 󰀂 and dual norm 󰀂 · 󰀂D, and all x, y ∈ RN , |y′x| ≤ 󰀂x󰀂󰀂y󰀂D and 󰀂y′x| ≤
󰀂x󰀂D󰀂y󰀂. See Lemma 5.4.13 in Horn and Johnson (1985)

For vectors u ∈ RHN v ∈ RM and choosing the 1-norm and it’s dual, the ∞− norm, we
have: |u′R1Tv| ≤ 󰀂u󰀂1󰀂R1Tv󰀂∞ ≤ 󰀂u󰀂1󰀂R1󰀂∞󰀂Tv󰀂∞ ≤ 󰀂u󰀂1󰀂Γ̃−1󰀂∞󰀂Tv󰀂∞

󰀂αX󰀂∞
1−󰀂αX󰀂∞

≤
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󰀂u󰀂1󰀂Γ̃−1󰀂∞󰀂T󰀂∞󰀂v󰀂∞
󰀂αX󰀂∞

1−󰀂αX󰀂∞
.

Note that one can also write:
|u′R1Tv| ≤ 󰀂(uΓ−1)′󰀂1󰀂

󰁓
k=1 αk

XTv󰀂∞ ≤ 󰀂(uΓ−1)′󰀂1󰀂Tv󰀂∞
󰀂αX󰀂∞

1−󰀂αX󰀂∞

B.2 Proof of Theorem 2

Proof. Given V ∈ RH×H , multiplying both sides of Equation (5) by 󰁔
h′∈H x

Vhh′
ih yields

󰁜

h′∈H
x

γhh′ −ρhh′
ih

󰁜

h′∈H
x

Vhh′
ih =

󰁜

h′∈H
x

γhh′ −ρhh′ +Vhh′
ih =

󰁜

h′∈H
x

Vhh′
ih

󰁛

j∈N
Kijh

󰁜

h′∈H
x

βhh′
jh′ .

Applying the change of variables yih ≡ 󰁔
h′∈H x

γhh′ −ρhh′ +Vhh′
ih , we obtain

yih =
󰁜

h′∈H
y

Ṽhh′
ih′

󰁛

j∈N
Kijh

󰁜

h′∈H
y

ᾰhh′
jh′ ,

where Ṽhh′ are the (h, h′) elements of Ṽ ≡ Vγ̆−1 and ᾰhh′ are the (h, h′) elements of ᾰ ≡
Bγ̆−1. Applying the implicit function theorem as in Theorem 1 yields the same T and A,
but with A ≡ Ă ˘̃Γ, where

˘̃Γ ≡ γ̆ ⊗ IN , Ă ≡ IHN − ᾰX , ᾰX(V) ≡ (Ṽ ⊗ IN) + bdiag
󰀓
X(1), . . . , X(H)

󰀔
(ᾰ ⊗ IN).

Part 2. When we choose V = γ − diag(γ), the zeroth-degree term is ˘̃Γ−1T = (γ̆−1 ⊗
IN)T. Because the diagonal matrix γ̆−1 has elements 1

γhh−ρhh
, the (i, h) element of the

zeroth-degree effect is

[(γ̆−1 ⊗ IN)T]ih = 1
γhh − ρhh

N󰁛

j=1

󰁫
X(h)

󰁬

ij

∂ ln Kijh

∂ ln θ′ .

Similarly, for the single-variable local partial-equilibrium effect we have

∂SLP ln xih

∂ ln κ
≡

󰁛

j

∂ ln fih

∂ ln Kijh

∂ ln Kijh

∂ ln κ
.

Taking the derivative of fih(·) gives ∂ ln fih

∂ ln Kijh
= 1

γhh−ρhh
·Xijh. Thus the full partial-equilibrium

effect is
󰁛

j

∂ ln fih

∂ ln Kijh

∂ ln Kijh

∂ ln κ
=

󰁛

j

1
γhh − ρhh

·
󰁫
X(h)

󰁬

ij

∂ ln Kijh

∂ ln κ
,

as desired.

54



B.3 Proof of Theorem in Section B.3

Proposition. If ρ(α) = ρ(|α|), then ρ(αX) = ρ(|αX |) = ρ(α) = ρ(|α|).

Proof. We have ρ(α) ≤ ρ(αX) ≤ ρ(|αX |) = ρ(|α|). If ρ(α) = ρ(|α|) the inequality collapses.

Definition. A matrix A ∈ RH×H is sign-similar to a non-negative matrix if there exists a
matrix Σ ≡ diag

󰀓
σ1, . . . , σ(H)

󰀔
with each σi ∈ {+1, −1}, such that ΣAΣ ≥ 0

One interpretation of sign-similarity is if we viewed the signs of α as the adjacency
matrix of a directed graph with signs. The graph represents a matrix that is sign-similar to
a non-negative matrix if every cycle contains an even number of negative edges.

Proposition. Sign-Similarity
If α is sign-similar to a non-negative matrix, then ρ(α) = ρ(αX) = ρ(|α|) = ρ(|αX |).

Proof. The spectral radius is invariant under conjugation: given Σ, ρ(ΣαΣ−1) = ρ(α).
ΣαΣ−1 = |α|

B.4 Proof of Theorem 7

Proof. Substituting the commuter flow equation (34) into residential and workplace market
clearing conditions, (36) and (35), yields the following 2 × N equations and 2 × N + 1
unknowns.

LRi = ζ
󰁛

j

d−φ
ij ŨiÃjL

α̃
F jL

β̃
Ri (45)

LF j = ζ
󰁛

i

d−φ
ij ŨiÃjL

α̃
F jL

β̃
Ri (46)

Allen et al. (2024) characterize the equilibrium existence and uniqueness properties of
systems of the above type. In this case, we define the change of variables:

yRi ≡ L1−β̃
Ri ζD̃R (47)

yF j ≡ L1−α̃
F j ζD̃F (48)
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where 󰀵

󰀹󰀹󰀷

D̃R

D̃F

󰀶

󰀺󰀺󰀸 =

󰀵

󰀹󰀹󰀷

1 −α̃
1−α̃

−β̃

1−β̃
1

󰀶

󰀺󰀺󰀸

−1 󰀵

󰀹󰀹󰀷

−1

−1

󰀶

󰀺󰀺󰀸

which is well defined if β̃ ∕= 1, α̃ ∕= 1 and if the determinate of the matrix

󰀵

󰀹󰀹󰀷

1 −α̃
1−α̃

−β̃

1−β̃
1

󰀶

󰀺󰀺󰀸 is

non-zero: 1 − α̃
1−α̃

β̃

1−β̃
∕= 0, or equivalently, that α̃ + β̃ ∕= 1 when α̃ ∕= 1, β̃ ∕= 1, which our

hypothesis satisifes.
Substitution from the change-of-variables yields the following system of 2 × N equations

of 2 × N unknowns, where ζ is no longer present in the equations:

yRi =
󰁛

j

d−φ
ij ŨiÃjy

α̃
1−α̃

F j (49)

yF j =
󰁛

i

d−φ
ij ŨiÃjy

β̃

1−β̃

Ri (50)

The hypothesis of Theorem 1 (i) in Allen et al. (2024) with Remark 1, stated below in the
context of the present model, concerns the bounds to the following expressions when yRi ∈

R++, yF i ∈ R++ : 󰁓
k

󰀏󰀏󰀏󰀏󰀏󰀏

∂ ln
󰁓

j
d−φ

ij ŨiÃjy
α̃

1−α̃
F j

∂ ln yRk

󰀏󰀏󰀏󰀏󰀏󰀏
, 󰁓

k

󰀏󰀏󰀏󰀏󰀏󰀏

∂ ln
󰁓

j
d−φ

ij ŨiÃjy
α̃

1−α̃
F j

∂ ln yF k

󰀏󰀏󰀏󰀏󰀏󰀏
, 󰁓

k

󰀏󰀏󰀏󰀏󰀏󰀏󰀏

∂ ln
󰁓

j
d−φ

ij ŨiÃjy

β̃

1−β̃
Ri

∂ ln yRk

󰀏󰀏󰀏󰀏󰀏󰀏󰀏
,

󰁓
k

󰀏󰀏󰀏󰀏󰀏󰀏󰀏

∂ ln
󰁓

j
d−φ

ij ŨiÃjy

β̃

1−β̃
Ri

∂ ln yF k

󰀏󰀏󰀏󰀏󰀏󰀏󰀏
.

We have: ∂ ln
󰁓

j
d−φ

ij ŨiÃjy
α̃

1−α̃
F j

∂ ln yRk
= 0, ∂ ln

󰁓
j

d−φ
ij ŨiÃjy

α̃
1−α̃
F j

∂ ln yF k
= α̃

1−α̃

d−φ
ik

ŨiÃky
α̃

1−α̃
F k

󰁓
j

d−φ
ij ŨiÃjy

α̃
1−α̃
F j

, whose

denominator is well defined if for all i, dij < ∞ for at least one j, given that the

variables Ũi, Ãj, yF j are strictly positive. Thus, 󰁓
k

󰀏󰀏󰀏󰀏󰀏󰀏

∂ ln
󰁓

j
d−φ

ij ŨiÃjy
α̃

1−α̃
F j

∂ ln yF k

󰀏󰀏󰀏󰀏󰀏󰀏
=

󰀏󰀏󰀏 α̃
1−α̃

󰀏󰀏󰀏. Sim-

ilarly, 󰁓
k

󰀏󰀏󰀏󰀏󰀏󰀏󰀏

∂ ln
󰁓

j
d−φ

ij ŨiÃjy

β̃

1−β̃
Ri

∂ ln yRk

󰀏󰀏󰀏󰀏󰀏󰀏󰀏
=

󰀏󰀏󰀏 β̃

1−β̃

󰀏󰀏󰀏 if for all j, dij < ∞ for at least one i, and

󰁓
k

󰀏󰀏󰀏󰀏󰀏󰀏󰀏

∂ ln
󰁓

j
d−φ

ij ŨiÃjy

β̃

1−β̃
Ri

∂ ln yF k

󰀏󰀏󰀏󰀏󰀏󰀏󰀏
= 0

The hypothesis of Theorem 1 (i) in Allen et al. (2024) with Remark 1 requires that
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the spectral radius of the matrix of bounds:

󰀵

󰀹󰀹󰀷

0
󰀏󰀏󰀏 α̃

1−α̃

󰀏󰀏󰀏

󰀏󰀏󰀏 β̃

1−β̃

󰀏󰀏󰀏 0

󰀶

󰀺󰀺󰀸, is less than one. The largest

eigenvalue of the matrix can be shown to be: ρ(

󰀵

󰀹󰀹󰀷

0
󰀏󰀏󰀏 α̃

1−α̃

󰀏󰀏󰀏

󰀏󰀏󰀏 β̃

1−β̃

󰀏󰀏󰀏 0

󰀶

󰀺󰀺󰀸) =
󰁵󰀏󰀏󰀏 α̃

1−α̃

󰀏󰀏󰀏
󰀏󰀏󰀏 β̃

1−β̃

󰀏󰀏󰀏.

Our hypothesis states that
󰀏󰀏󰀏 α̃

1−α̃

󰀏󰀏󰀏
󰀏󰀏󰀏 β̃

1−β̃

󰀏󰀏󰀏, which implies that
󰁵󰀏󰀏󰀏 α̃

1−α̃

󰀏󰀏󰀏
󰀏󰀏󰀏 β̃

1−β̃

󰀏󰀏󰀏 < 1.
Thus by Theorem 1 (i) in Allen et al. (2024) with Remark 1, there exists a unique

solution to the system (49) and (50), implying that there exists a unique-to-scale solution
to the system (45) and (46).

Substituting back the original variables, and now defining L̃Ri ≡ κRLRi and L̃F j ≡ κF LF j

where κR ≡ ζ
D̃R
1−β̃ and κF ≡ ζ

D̃F
1−α̃ , we can rewrite the system as:

L̃Ri =
󰁛

j

d−φ
ij ŨiÃjL̃

α̃
F jL̃

β̃
Ri

L̃F j =
󰁛

i

d−φ
ij ŨiÃjL̃

β̃
RiL̃

α̃
F j

as desired.

The population and employment variables, L̃Ri and L̃F j, are now expressed as a product
of the true population and employment variables, LRi and LF j, and the endogenous scalars
κR and κF , which depend on the population-mobility assumptions. These equations are
therefore useful for studying relative changes in population (e.g. LR1/LR2) and employment
(e.g. LF 1/LF 2).

For reference, we state the theorem Allen et al. (2024), as applied to our model.
Allen et al. (2024) Remark 1 Suppose there exists a 2-by-2 matrix A such that for

all i ∈ S, and yRi ∈ R++, yF i ∈ R++,

󰁛

k

󰀏󰀏󰀏󰀏󰀏󰀏󰀏

∂ ln 󰁓
j d−φ

ij ŨiÃjy
α̃

1−α̃

F j

∂ ln yRk

󰀏󰀏󰀏󰀏󰀏󰀏󰀏
≤ (A)11.

󰁛

k

󰀏󰀏󰀏󰀏󰀏󰀏󰀏

∂ ln 󰁓
j d−φ

ij ŨiÃjy
α̃

1−α̃

F j

∂ ln yF k

󰀏󰀏󰀏󰀏󰀏󰀏󰀏
≤ (A)12.
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󰁛

k

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

∂ ln 󰁓
j d−φ

ij ŨiÃjy
β̃

1−β̃

Ri

∂ ln yRk

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏
≤ (A)21.

󰁛

k

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏

∂ ln 󰁓
j d−φ

ij ŨiÃjy
β̃

1−β̃

Ri

∂ ln yF k

󰀏󰀏󰀏󰀏󰀏󰀏󰀏󰀏
≤ (A)22.

Then, if ρ(A) < 1, there exists a unique solution to the system (49) and (50).

C General Equilibrium Effects for Residential Popula-
tion

C.1 Proof of Theorem 5

Part (i) is an application of part 2 (ii.) in theorem 1.
For part (iii.), we first derive each term of the Neumann series matrix.
We are interested in the general equilibrium comparative statics expressed in equation

(32) and repeated below:

∂ ln L̃Rl

∂ ln dij

= −Lijθ

LR
i

󰀓
Ã0

li + Ã1
li + ...

󰀔

󰁿 󰁾󰁽 󰂀
A−1

li

+−Lijθ

LF
j

󰀓
Ã0

l,N+j + Ã1
l,N+j + ...

󰀔

󰁿 󰁾󰁽 󰂀
A−1

l,N+j

(51)

where Ãk
li is the (l, i) element of matrix Γ̃−1αk

X .
We showed that we can express the inverse matrix A−1 as a series of matrices:

A−1 = Γ̃−1
∞󰁛

k=0
αk

X

=
󰀵

󰀷
1

1−βθ
I 0

0 1
1−αθ

I

󰀶

󰀸
∞󰁛

k=0

󰀵

󰀷 0 αθ
1−αθ

L
LR

βθ
1−βθ

LT

LF
0

󰀶

󰀸
k
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We seek to understand the remainder term

R1 ≡ Γ̃−1
∞󰁛

k=1
αk

X

=

󰀵

󰀹󰀹󰀷

1
1−βθ

I 0

0 1
1−αθ

I

󰀶

󰀺󰀺󰀸
∞󰁛

k=1

󰀵

󰀹󰀹󰀷

0 αθ
1−αθ

L
LR

βθ
1−βθ

LT

LF
0

󰀶

󰀺󰀺󰀸

k

Expansion of the Neumann series reveals that due to the block off-diagonal structure of
matrix αX , the even-degree terms have the structure:

Γ̃−1α2n
X =

󰀵

󰀹󰀹󰀷

1
(1−βθ)

󰀓
αθβθ

(1−βθ)(1−αθ)

󰀔n 󰀓
L

LR
LT

LF

󰀔n
0

0 1
(1−αθ)

󰀓
αθβθ

(1−αθ)(1−βθ)

󰀔n 󰀓
LT

LF
L

LR

󰀔n

󰀶

󰀺󰀺󰀸

while the odd terms have the structure:

Γ̃−1α2n+1
X =

󰀵

󰀹󰀹󰀷

0 αθ
(1−βθ)(1−αθ)

󰀓
αθβθ

(1−αθ)(1−βθ)

󰀔n L
LR

󰀓
LT

LF
L

LR

󰀔n

βθ
(1−αθ)(1−βθ)

󰀓
αθβθ

(1−βθ)(1−αθ)

󰀔n LT

LF

󰀓
L

LR
LT

LF

󰀔n
0

󰀶

󰀺󰀺󰀸

where n = 0, 1, 2..., and 2n are the even-degree terms and 2n + 1 are the odd-degree
terms.

Combining the odd and even terms, we have:

A−1 =
∞󰁛

k=0
Γ̃−1αk

X

=
∞󰁛

n=0

󰀵

󰀹󰀹󰀷

0 αθ
(1−βθ)(1−αθ)

󰀓
αθβθ

(1−αθ)(1−βθ)

󰀔n L
LR

󰀓
LT

LF
L

LR

󰀔n

βθ
(1−αθ)(1−βθ)

󰀓
αθβθ

(1−βθ)(1−αθ)

󰀔n LT

LF

󰀓
L

LR
LT

LF

󰀔n
0

󰀶

󰀺󰀺󰀸

+

󰀵

󰀹󰀹󰀷

1
(1−βθ)

󰀓
αθβθ

(1−βθ)(1−αθ)

󰀔n 󰀓
L

LR
LT

LF

󰀔n
0

0 1
(1−αθ)

󰀓
αθβθ

(1−αθ)(1−βθ)

󰀔n 󰀓
LT

LF
L

LR

󰀔n

󰀶

󰀺󰀺󰀸

=
∞󰁛

n=0

󰀵

󰀹󰀹󰀷

1
(1−βθ)

󰀓
αθβθ

(1−βθ)(1−αθ)

󰀔n 󰀓
L

LR
LT

LF

󰀔n
αθ

(1−βθ)(1−αθ)

󰀓
αθβθ

(1−αθ)(1−βθ)

󰀔n L
LR

󰀓
LT

LF
L

LR

󰀔n

βθ
(1−αθ)(1−βθ)

󰀓
αθβθ

(1−βθ)(1−αθ)

󰀔n LT

LF

󰀓
L

LR
LT

LF

󰀔n 1
(1−αθ)

󰀓
αθβθ

(1−αθ)(1−βθ)

󰀔n 󰀓
LT

LF
L

LR

󰀔n

󰀶

󰀺󰀺󰀸

The term
󰀓

L
LR

LT

LF

󰀔
captures the residential-to-firm-to-residential length-2 propogation.

A shock to population affects employment locations proportionally to their probabilities
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of sourcing commuters, LT

LF
, which then feeds back to residential locations proportionally

to those locations probability to commuting to employment locations, L
LR

. The constant󰀓
αθβθ

(1−αθ)(1−βθ)

󰀔
determines the extent of dampening of the shock over the 2-length propogation.

In our analysis we emphasize the distinction between the zeroth term and the remaining
terms. The zeroth term is:

Γ̃−1α0
X =

󰀵

󰀹󰀹󰀷

1
1−βθ

I 0

0 1
1−αθ

I

󰀶

󰀺󰀺󰀸

Beyond the zeroth degree term, the series can be expressed as:

∞󰁛

k=1
Γ̃−1αk

X =
∞󰁛

n=0

󰀵

󰀹󰀹󰀷

1
(1−βθ)

󰀓
αθβθ

(1−βθ)(1−αθ)

󰀔n+1 󰀓
L

LR
LT

LF

󰀔n+1
αθ

(1−βθ)(1−αθ)

󰀓
αθβθ

(1−αθ)(1−βθ)

󰀔n L
LR

󰀓
LT

LF
L

LR

󰀔n

βθ
(1−αθ)(1−βθ)

󰀓
αθβθ

(1−βθ)(1−αθ)

󰀔n LT

LF

󰀓
L

LR
LT

LF

󰀔n 1
(1−αθ)

󰀓
αθβθ

(1−αθ)(1−βθ)

󰀔n+1 󰀓
LT

LF
L

LR

󰀔n+1

󰀶

󰀺󰀺󰀸

For the residential impact, we focus on the top block, since only these elements appear
in the residential comparative statics.

The top left block can be expressed as follows by incrementing the summation index.

Rij =
∞󰁛

n=0

1
(1 − βθ)

󰀣
αθβθ

(1 − βθ)(1 − αθ)

󰀤n+1 󰀥 󰀣
L

LR

LT

LF

󰀤n+1 󰀦

i,j

=
∞󰁛

n=1

1
(1 − βθ)

󰀣
αθβθ

(1 − βθ)(1 − αθ)

󰀤n 󰀥 󰀣
L

LR

LT

LF

󰀤n 󰀦

i,j

for i ≤ N, j ≤ N .
For the top right block, we have:

R1
ij =

∞󰁛

n=0

αθ

(1 − βθ)(1 − αθ)

󰀣
αθβθ

(1 − αθ)(1 − βθ)

󰀤n 󰀥
L

LR

󰀣
LT

LF

L
LR

󰀤n󰀦

i,j

for i ≤ N, j > N

C.2 Bounds on General Equilibrium Effects

We assume that αβ > 0 Consider first the top left block:
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∞󰁛

n=0

1
(1 − βθ)

󰀣
αθβθ

(1 − βθ)(1 − αθ)

󰀤n+1 󰀥 󰀣
L

LR

LT

LF

󰀤n+1 󰀦

i,j

=
∞󰁛

n=1

1
(1 − βθ)

󰀣
αθβθ

(1 − βθ)(1 − αθ)

󰀤n 󰀥 󰀣
L

LR

LT

LF

󰀤n 󰀦

i,j

≤
∞󰁛

n=1

1
(1 − βθ)

󰀣
αθβθ

(1 − βθ)(1 − αθ)

󰀤n

= 1
(1 − βθ)

γ2

1 − γ2

where γ2 = αθβθ
(1−βθ)(1−αθ) . The inequality in the second line holds because each term,

󰀥 󰀓
L

LR
LT

LF

󰀔n
󰀦

i,j

is less than one, as each term is a weighted average of terms that are all less

than one. The last line is a result of the geometric series, which converges when γ2 < 1.

We also have that 󰁓∞
n=0

1
(1−βθ)

󰀓
αθβθ

(1−βθ)(1−αθ)

󰀔n+1
󰀥 󰀓

L
LR

LT

LF

󰀔n+1
󰀦

i,j

≥ 0, since all terms are

non-negative.
Similar expressions can be derived for the other blocks such that we have:

0 ≤ R1
i,j ≤ 1

(1 − βθ)
γ2

1 − γ2 if i ≤ N, j ≤ N

0 ≤ R1
i,j ≤ 1

(1 − αθ)
γ2

1 − γ2 if i > N, j > N

αθ

(1 − βθ)(1 − αθ)
1

1 − γ2 ≤ R1
i,j ≤ 0 if i ≤ N, j > N, α < 0

βθ

(1 − βθ)(1 − αθ)
1

1 − γ2 ≤ R1
i,j ≤ 0 if i > N, j ≤ N, α < 0

C.3 Bounds on Symmetric Improvement

Without loss of generality, we now consider the relative population changes in locations 1
and 2 for a symmetric improvement, where d ln d12 = d ln d21. Defining the series RK

i,j ≡󰁫󰁓∞
k=K Γ̃−1αk

X

󰁬

ij
as the (i, j) element of the remaining Neumann series from K onwards.

The first-order effect to the relative residential population of location 1 can be expressed as:

∂ ln L̃R1

∂ ln d12
=

󰀥
−L12θ

LR1

󰀣
1

1 − βθ
+ R1

11

󰀤

󰁿 󰁾󰁽 󰂀
A−1

11

+−L12θ

LF 2

󰀓
0 + R1

1,N+2

󰀔

󰁿 󰁾󰁽 󰂀
A−1

1,N+2

󰀦

For a commuting cost in the reverse direction, d ln d21, the normalize increase in popula-
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tion is:

∂ ln L̃R1

∂ ln d21
=

󰀥
−L21θ

LR2

󰀓
0 + R1

12

󰀔

󰁿 󰁾󰁽 󰂀
A−1

12

+−L21θ

LF 1

󰀓
0 + R1

1,N+1

󰀔

󰁿 󰁾󰁽 󰂀
A−1

1,N+1

󰀦

Similarly, for location 2, the normalized comparative statics are given by:

∂ ln L̃R2

∂ ln d12
=

󰀥
−L12θ

LR1

󰀓
0 + R1

21

󰀔

󰁿 󰁾󰁽 󰂀
A−1

21

+−L12θ

LF 2

󰀓
0 + R1

2,N+2

󰀔

󰁿 󰁾󰁽 󰂀
A−1

2,N+2

󰀦

∂ ln L̃R2

∂ ln d21
=

󰀥
−L21θ

LR2

󰀣
1

1 − βθ
+ R1

22

󰀤

󰁿 󰁾󰁽 󰂀
A−1

22

+−L21θ

LF 1

󰀓
0 + R1

2,N+1

󰀔

󰁿 󰁾󰁽 󰂀
A−1

2,N+1

󰀦

For a symmetric transport improvement, where d ln d12 = d ln d21 the relative population
changes are therefore:

∂ ln(LR1/LR2)
∂ ln d12

+ ∂ ln(LR1/LR2)
∂ ln d21

= −θ

1 − βθ

󰀕
L12

LR1
− L21

LR2

󰀖

+ −L12θ

LR1

󰀓
R1

1,1 − R1
2,1

󰀔

+ −L12θ

LF 2

󰀓
R1

1,N+2 − R1
2,N+2

󰀔

+ −L21θ

LR2

󰀓
R1

1,2 − R1
2,2

󰀔

+ −L21θ

LF 1

󰀓
R1

1,N+1 − R1
2,N+1

󰀔
(52)
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For each term in (52) and using the above bounds, we have:
󰀏󰀏󰀏󰀏󰀏
L12θ

LR1

󰀓
R1

1,1 − R1
2,1

󰀔󰀏󰀏󰀏󰀏󰀏 ≤ L12θ

LR1

1
(1 − βθ)

γ2

1 − γ2
󰀏󰀏󰀏󰀏󰀏
L21θ

LR2

󰀓
R1

1,2 − R1
2,2

󰀔󰀏󰀏󰀏󰀏󰀏 ≤ L21θ

LR2

1
(1 − βθ)

γ2

1 − γ2
󰀏󰀏󰀏󰀏󰀏
L12θ

LF 2

󰀓
R1

1,N+2 − R1
2,N+2

󰀔󰀏󰀏󰀏󰀏󰀏 ≤ L12θ

LF 2

|αθ|
(1 − βθ)(1 − αθ)

1
1 − γ2

󰀏󰀏󰀏󰀏󰀏
L21θ

LF 1

󰀓
R1

1,N+1 − R1
2,N+1

󰀔󰀏󰀏󰀏󰀏󰀏 ≤ L21θ

LF 1

|αθ|
(1 − βθ)(1 − αθ)

1
1 − γ2

We seek sufficient conditions for the symmetric improvement to lead to a relative increase
in population in location 1 relative to location 2, i.e. −

󰁫
∂ ln(LR1/LR2)

∂ ln d12
+ ∂ ln(LR1/LR2)

∂ ln d21

󰁬
≥ 0.

Thus:

−
󰀥

∂ ln(LR1/LR2)
∂ ln d12

+ ∂ ln(LR1/LR2)
∂ ln d21

󰀦

= θ

1 − βθ

󰀕
L12

LR1
− L21

LR2

󰀖

+ L12θ

LR1

󰀓
R1

1,1 − R1
2,1

󰀔

+ L12θ

LF 2

󰀓
R1

1,N+2 − R1
2,N+2

󰀔

+ L21θ

LR2

󰀓
R1

1,2 − R1
2,2

󰀔

+ L21θ

LF 1

󰀓
R1

1,N+1 − R1
2,N+1

󰀔

≥ 0

⇔ θ

1 − βθ

󰀕
L12

LR1
− L21

LR2

󰀖
≥ L12θ

LR1

󰀓
R1

1,1 − R1
2,1

󰀔

+ L12θ

LF 2

󰀓
R1

1,N+2 − R1
2,N+2

󰀔

+ L21θ

LR2

󰀓
R1

1,2 − R1
2,2

󰀔

+ L21θ

LF 1

󰀓
R1

1,N+1 − R1
2,N+1

󰀔

Then, since
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󰀏󰀏󰀏󰀏󰀏
L12θ

LR1

󰀓
R1

1,1 − R1
2,1

󰀔󰀏󰀏󰀏󰀏󰀏

+
󰀏󰀏󰀏󰀏󰀏
L12θ

LF 2

󰀓
R1

1,N+2 − R1
2,N+2

󰀔󰀏󰀏󰀏󰀏󰀏

+
󰀏󰀏󰀏󰀏󰀏
L21θ

LR2

󰀓
R1

1,2 − R1
2,2

󰀔󰀏󰀏󰀏󰀏󰀏

+
󰀏󰀏󰀏󰀏󰀏
L21θ

LF 1

󰀓
R1

1,N+1 − R1
2,N+1

󰀔󰀏󰀏󰀏󰀏󰀏

≥ L12θ

LR1

󰀓
R1

1,1 − R1
2,1

󰀔

+ L12θ

LF 2

󰀓
R1

1,N+2 − R1
2,N+2

󰀔

+ L21θ

LR2

󰀓
R1

1,2 − R1
2,2

󰀔

+ L21θ

LF 1

󰀓
R1

1,N+1 − R1
2,N+1

󰀔

a sufficient condition for a population shift is::

θ

1 − βθ

󰀕
L12

LR1
− L21

LR2

󰀖
≥ L12θ

LR1

1
(1 − βθ)

γ2

1 − γ2

+ L21θ

LR2

1
(1 − βθ)

γ2

1 − γ2

+ L12θ

LF 2

|αθ|
(1 − βθ)(1 − αθ)

1
1 − γ2

+ L21θ

LF 1

|αθ|
(1 − βθ)(1 − αθ)

1
1 − γ2

⇔ L12

LR1

󰀣

1 − γ2

1 − γ2

󰀤

≥ L21

LR2

󰀣

1 + γ2

1 − γ2

󰀤

+ L12

LF 2

|α|
(1 − α)

1
1 − γ2

+ L21

LF 1

|α|
(1 − α)

1
1 − γ2
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⇔ L12

LR1

󰀣
1 − 2γ2

1 − γ2

󰀤

≥ L21

LR2

1
1 − γ2

+ L12

LF 2

|α|
(1 − α)

1
1 − γ2

+ L21

LF 1

|α|
(1 − α)

1
1 − γ2

⇔ L12

LR1
≥ L21

LR2

1
1 − 2γ2 +

󰀕
L12

LF 2
+ L21

LF 1

󰀖 |α|
(1 − α)

1
1 − 2γ2

⇔ L12

LR1
≥ 1

1 − 2γ2

󰀥
L21

LR2
+

󰀕
L12

LF 2
+ L21

LF 1

󰀖 |α|
(1 − α)

󰀦

One can rearrange the above expression to obtain Lij

Lji
>

LRiLF j(LF i+LRj ᾱ)
LRjLF i(LF j(1−2γ2)−LRiᾱ)

C.4 Closed-Form Expression for Remainders for Symmetric im-
provement

In this section, we show that Given that A−1 = 󰁓∞
k=0 Γ̃−1αk

X and the remainder is R1 =
󰁓∞

k=1 Γ̃−1αk
X , αX can be factored out to express the remainder as R1 = Γ̃−1 󰁓∞

k=1 αk
X =

Γ̃−1
󰁫󰁓∞

k=0 αk
X

󰁬
αX = A−1αX , which can be multiplied by T expressed in (26) to obtain the

1st-degree remainder for all comparative statics, or more explicitly we can substitute into
(52).

Another approach is to make each general equilibrium force explicit. Defining M ≡ L
LR

·LT

LF

and c ≡ αθβθ
(1−βθ)(1−αθ) , we have the following relationships for the remainder terms:

R1
1,1 − R1

2,1 = 1
1 − βθ

∞󰁛

n=1
cn ([Mn]11 − [Mn]21)

R1
1,2 − R1

2,2 = 1
1 − βθ

∞󰁛

n=1
cn ([Mn]12 − [Mn]22)

R1
1,N+2 − R1

2,N+2 = αθ

(1 − βθ)(1 − αθ)

∞󰁛

n=1
cn

󰀣󰀗 L
LR

Mn
󰀘

1,N+2
−

󰀗 L
LR

Mn
󰀘

2,N+2

󰀤
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R1
1,N+1 − R1

2,N+1 = αθ

(1 − βθ)(1 − αθ)

∞󰁛

n=1
cn

󰀣󰀗 L
LR

Mn
󰀘

1,N+1
−

󰀗 L
LR

Mn
󰀘

2,N+1

󰀤

If the spectral radius ρ(cM) < 1, then:

∞󰁛

n=1
cnMn = cM(I − cM)−1

Then defining vij as the row vector with the ith element equal to 1, the jth element equal
to -1, and all other elements equal to 0, and ei as the column vector with the ith element
equal to 1 and all other elements equal to 0, we have:

R1
1,1 − R1

2,1 = c

1 − βθ
· v12M(I − cM)−1e1

R1
1,2 − R1

2,2 = c

1 − βθ
· v12M(I − cM)−1e2

R1
1,N+2 − R1

2,N+2 = αθc

(1 − βθ)(1 − αθ) · v12
L

LR
M(I − cM)−1eN+2

R1
1,N+1 − R1

2,N+1 = αθc

(1 − βθ)(1 − αθ) · v12
L

LR
M(I − cM)−1eN+1

D Comparative statics for Ahlfeldt et al. (2015)
We derive first-order comparative statics expressions for the model similar to Ahlfeldt et al.
(2015). We consider the case where Āi > 0, Ūi > 0 so that equilibrium variables are strictly
positive. We first consider a case where floorspace is exogenously separated between resi-
dential and commercial uses. Let HRi denote the exogenous amount of residential floorspace
and let HF i denote the exonenous amount of commercial floorspace. Consider the system of
equations:
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LRi = L̄
󰀕

γ

V̄

󰀖θ󰀓
Ui rβ−1

i

󰀔θ 󰁛

j

󰀣
wj

dij

󰀤θ

, (LR)

LF j = L̄
󰀕

γ

V̄

󰀖θ

wθ
j

󰁛

i

󰀣
Ui

r1−β
i dij

󰀤θ

, (LF)

ȳi =
󰁛

j

wj(wj/dij)θ

ΦRi

, ΦRi =
󰁛

j

(wj/dij)θ, (ȳ)

V̄ = γ

󰀵

󰀷
󰁛

j

󰁛

i

󰁛

m

󰀣
Ui wj rβ−1

i

dijm

󰀤θ
󰀶

󰀸
1/θ

, (V̄ )

HiυRi = (1 − β) ȳi LRi

ri

, HiυF i = LF i

󰀣
Ai(1 − α)

ri

󰀤1/α

, υRi + υF i = 1, (Land)

LF i = HiυF i

󰀕
Aiα

wi

󰀖1/(1−α)
. (FD)

Ui = Ūi LµU
Ri , Ai = Āi LµA

F i (ext)

Next, we consider the case where floorspace is efficiently shared between commercial and
residential uses and floorprices are equalized. Before proceeding, we first show that the
model is homogenous in the total population L̄.

Lemma 1 (Homogeneity in L̄ with fixed Hi and land shares). Consider θ > 0, α ∈ (0, 1),
β ∈ (0, 1), and the system:

LRi = L̄
󰀕

γ

V̄

󰀖θ󰀓
Ui rβ−1

i

󰀔θ 󰁛

j

󰀣
wj

dij

󰀤θ

, (LR)

LF j = L̄
󰀕

γ

V̄

󰀖θ

wθ
j

󰁛

i

󰀣
Ui

r1−β
i dij

󰀤θ

, (LF)

ȳi =
󰁛

j

wj(wj/dij)θ

ΦRi

, ΦRi =
󰁛

j

(wj/dij)θ, (ȳ)

V̄ = γ

󰀵

󰀷
󰁛

j

󰁛

i

󰁛

m

󰀣
Ui wj rβ−1

i

dijm

󰀤θ
󰀶

󰀸
1/θ

, (V̄ )

HiυRi = (1 − β) ȳi LRi

ri

, HiυF i = LF i

󰀣
Ai(1 − α)

ri

󰀤1/α

, υRi + υF i = 1, (Land)

LF i = HiυF i

󰀕
Aiα

wi

󰀖1/(1−α)
. (FD)

Ui = Ūi LµU
Ri , Ai = Āi LµA

F i (ext)
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Suppose Hi > 0 are fixed and (LRi, LF j, wj, ri, V̄ , υRi, υF i) solves (LR)–(ext) at some L̄ > 0.
For any s > 0, define the scaled variables

L̄′ = s L̄, L′
Ri = s LRi, L′

F j = s LF j,

r′
i = s bri, w′

j = s awj, V̄ ′ = s νV̄ ,

U ′
i = Ūi(L′

Ri)µU = sµU Ui, A′
i = Āi(L′

F i)µA = sµAAi,

υ′
Ri = υRi, υ′

F i = υF i (land shares unchanged).

(53)

with exponents

b = µA + α, a = µA + α − 1, ν = µU + (µA + α)β − 1. (54)

Then (L′
Ri, L′

F j, w′
j, r′

i, V̄ ′, υ′
Ri, υ′

F i) together with the same fixed {Hi} satisfies (LR)–(ext) at
L̄′, and the spatial shares are invariant:

L′
Ri

L̄′ = LRi

L̄
,

L′
F j

L̄′ = LF j

L̄
, (υ′

Ri, υ′
F i) = (υRi, υF i).

Hence the equilibrium population and employment is homogeneous of degree one in L̄ (with
fixed Hi).

Proof. All statements follow by direct scaling.

(A) Floor-space identities with fixed Hi. Using (53), ȳ′
i = saȳi (from (ȳ) being homo-

geneous of degree a in w), and r′
i = sbri, L′

Ri = sLRi:

(1 − β)ȳ′
iL

′
Ri

r′
i

= sa+1−b (1 − β)ȳiLRi

ri

.

Likewise for the commercial term in (Land):

L′
F i

󰀣
A′

i(1 − α)
r′

i

󰀤1/α

= s 1+ µA−b

α LF i

󰀣
Ai(1 − α)

ri

󰀤1/α

.

With the choices (54), both exponents vanish because a + 1 − b = 0 and 1 + (µA − b)/α = 0.
Hence each side of (Land) is unchanged, so HiυRi and HiυF i are fixed and, with Hi fixed,
(υRi, υF i) are unchanged.

(B) Firm labor demand (FD). The right-hand side scales as s(µA−a)/(1−α). Requiring
L′

F i = sLF i forces
1 = µA − a

1 − α
⇐⇒ a = µA + α − 1,
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which matches (54).

(C) Location equations (LR)–(LF). In (LR), the right-hand side scales by

s 1 −νθ + θµU + θb(β−1) + aθ.

Requiring L′
Ri = sLRi gives

−ν + µU + b(β − 1) + a = 0. (R)

In (LF), the right-hand side scales by

s 1 −νθ + aθ + θµU − θb(1−β),

and L′
F j = sLF j gives

−ν + a + µU − b(1 − β) = 0. (F )

With (54), both (R) and (F ) hold identically.

(D) Price index (V̄ ). Inside the bracket, each term scales as sθ(µU +a+b(β−1)), so V̄ ′ =
γ[· · · ]1/θ scales as sµU +a+b(β−1)V̄ . This equals sνV̄ by (54), so (V̄ ) is satisfied.

Combining (A)–(D), all equilibrium conditions hold at L̄′, with invariant spatial shares
and land shares.

Corollary 1 (Homogeneity with rent–elastic land supply). Augment the system in Lemma 1
by replacing the fixed-Hi assumption with the supply schedule Hi = H̄i rε

i , ε ≥ 0.
For any s > 0, consider the change of variables

L̄ 󰀁→ s L̄, LRi 󰀁→ s LRi, LF i 󰀁→ s LF i, ri 󰀁→ s bri, wi 󰀁→ s awi, V̄ 󰀁→ s νV̄ , Ui 󰀁→ sµU Ui, Ai 󰀁→ sµAAi,

with υRi, υF i unchanged. Then the system remains satisfied with the spatial distribution
provided the exponents are

b = α + µA

1 + αε
, a = α + µA(1 + ε) − 1

1 + αε
, ν = µU + βα + βµA + µAε − 1

1 + αε
.

In particular, ε = 0 recovers Lemma 1: b = µA + α, a = µA + α − 1, ν = µU + (µA + α)β − 1.
If productivity is exogenous (µA = 0), these simplify to

b = α

1 + αε
, a = α − 1

1 + αε
, ν = µU + βα − 1

1 + αε
.
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Proof (check scaling). Write market clearing as Hi = (1 − β)ȳiLRi

ri󰁿 󰁾󰁽 󰂀
HRi

+ LF i

󰀓Ai(1 − α)
ri

󰀔1/α

󰁿 󰁾󰁽 󰂀
HF i

and

Hi = H̄ir
ε
i . Under the map above:

HS
i : sbε, HRi : s a+1−b, HF i : s 1+ µA−b

α .

To keep the land-use shares υRi, υF i invariant, require each demand addend to scale like
supply: a + 1 − b = bε and 1 + µA−b

α
= bε. Solving gives

b = α + µA

1 + αε
, a = b(1 + ε) − 1 = α + µA(1 + ε) − 1

1 + αε
.

The firm labor demand LF i = HiυF i(Aiα/wi)1/(1−α) scales as s bε+ µA−a

1−α on the right; match-
ing LF i 󰀁→ sLF i yields bε + µA−a

1−α
= 1, which is satisfied by the a, b above. Finally,

the resident/firm location equations imply −ν + µU + b(β − 1) + a = 0 (equivalently
−ν + µU + a − b(1 − β) = 0), giving ν = µU + a + b(β − 1), i.e. the stated expression.
The price-index equation then holds by homogeneity (as in the lemma). Hence shares are
preserved.

Corollary 2 (Normalization via change of variables). Let the exponents (a, b, ν) be as in
Lemma 1, i.e. b = µA + α, a = µA + α − 1, ν = µU + (µA + α)β − 1. Fix any constant κ > 0
and define

s ≡
󰀣

κ V̄ θ

L̄

󰀤 1
1−νθ

.

Apply the one-dimensional change of variables

L̃ = s L̄, Ṽ = sνV̄ , w̃ = saw, r̃ = sbr, L̃R = sLR, L̃F = sLF , Ũ = sµU U, Ã = sµAA,

with υ̃Ri = υRi, υ̃F i = υF i, and Hi fixed. Then

L̃

Ṽ θ
= κ

Without loss of generality, setting κ = 1, we have a new system of equations:
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L̃Ri =
󰀕

Ũi r̃β−1
i

󰀖θ 󰁛

j

󰀣
w̃j

dij

󰀤θ

(55)

L̃F j = w̃θ
j

󰁛

i

󰀣
Ũi

r̃ 1−β
i dij

󰀤θ

(56)

˜̄yi =
󰁛

j

w̃j

󰀓
w̃j

dij

󰀔θ

Φ̃Ri

, Φ̃Ri =
󰁛

j

󰀣
w̃j

dij

󰀤θ

(57)

Hi υ̃Ri = (1 − β) ˜̄yi L̃Ri

r̃i

, Hi υ̃F i = L̃F i

󰀣
Ai(1 − α)

r̃i

󰀤1/α

, υ̃Ri + υ̃F i = 1 (58)

L̃F i = Hi υ̃F i

󰀕
Ai α

w̃i

󰀖1/(1−α)
(59)

Ũi = Ūi (L̃Ri)µU , Ãi = Āi (L̃F i)µA (60)

where we no longer have an equation expressing the average utility.
An analogous argument can be made if there is a constant elasticity of supply of floorspace

(from corollary 1)

D.1 Comparative Statics

We rearrange the equations above into the following system of equations:
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L̃Ri

󰀕
L̃µU

Ri r̃β−1
i

󰀖−θ

= Ū−θ
i

󰁛

j

󰀣
w̃j

dij

󰀤θ

(LR)

L̃F jw̃
−θ
j =

󰁛

i

󰀣
ŪiL̃

µU
Ri

r̃ 1−β
i dij

󰀤θ

(LF )

˜̄yiL̃Ri

󰀕
L̃µU

Ri r̃β−1
i

󰀖−θ

= Ū−θ
i

󰁛

j

w̃j

󰀣
w̃j

dij

󰀤θ

, (ȳ)

r̃i = (1 − β) ˜̄yi L̃Ri

υRiHi

, (r)

υF i = L̃F i

Hi

󰀣
ĀiL̃

µA
F i (1 − α)

r̃i

󰀤1/α

(υF )

w̃i =
󰀣

Hi υF i

L̃F i

󰀤1−α

ĀiL
µA
F i α (w)

υRi = 1 − υF i (υRi)

The first three equations are written in the constant elasticity form of equations (1). The
next three equations are written in the constant elasticity form

xih′ = Kih

󰁜

h′∈H
x

σhh′
ih′ (61)

And the final equation is not in a constant-elasticity form but the endogenous variables
are separable from any location-specific fundamentals that may be of interest for comparative
statics (and in particular for our interest, dij)

Let xi = [L̃Ri, L̃F i, ˜̄yi, ri, υF i, w̃i, υRi]′ denote our endogenous variables of interest and
define the change of variables ln yi = γ ln xi where

γ =

󰀵

󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀷

1 − µUθ 0 0 −(β − 1)θ 0 0 0
0 1 0 0 0 −θ 0

1 − µUθ 0 1 −(β − 1)θ 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

󰀶

󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀸

.

so that the left-hand-side of our equations are our newly defined variables.
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Let B denote the constant-elasticity matrix for the first three equations:

B =

󰀵

󰀹󰀹󰀹󰀹󰀷

0 0 0 0 0 θ 0

0 0 0 θ(β − 1) 0 0 0

0 0 0 0 0 1 + θ 0

󰀶

󰀺󰀺󰀺󰀺󰀸

σ =

󰀵

󰀹󰀹󰀹󰀹󰀷

1 0 1 0 0 0 −1

0 1 + µA

α
0 − 1

α
0 0 0

0 µA − (1 − α) 0 0 1 − α 0 0

󰀶

󰀺󰀺󰀺󰀺󰀸

so that we then have the system:

yih =
󰁛

j∈N
Kijh

󰁜

h′∈H
y

αhh′
jh′ , h = 1, 2, 3 (62)

yih = Kih

󰁜

h′∈H
y

βhh′
ih′ , h = 4, 5, 6 (63)

yi7 = 1 − yi5 (64)

where αhh′ refers to the h, h′ elements of the matrix α = Bγ−1 and βhh′ refers to the
h, h′ elements of the matrix β = σγ−1. We define the following:

αX ≡ bdiag
󰀓
X(1), X(2), X(3)

󰀔 󰀓
α ⊗ IN

󰀔

󰁫
X(1)

󰁬

ij
=

󰀓
w̃j

dij

󰀔θ

󰁓
k

󰀓
w̃k

dik

󰀔θ ,
󰁫
X(2)

󰁬

ji
=

󰀓
Ūi r̃β−1

i

dij

󰀔θ

󰁓
k

󰀓
Ūk r̃β−1

k

dkj

󰀔θ
,

󰁫
X(3)

󰁬

ij
=

w̃ 1+θ
j d−θ

ij
󰁓

k w̃ 1+θ
k d−θ

ik

υ̃ ≡
󰁫
0 0 0 0 diag

󰀓
−υF

υR

󰀔
0 0

󰁬

where we note that X(1) = L
LR

is the residential commuter flow shares, X(2) = L⊤

LF
is the

firm commuter flow shares, and X(3) = L ◦ w′

LR ◦ ȳ is the residential income flow shares.
The comparative statics can be expressed as follows.

Theorem 8. Given a solution x = [L̃′
R, L̃′

F, ˜̄y′, r̃′, υ′
F , w̃′, υ′

R]′ to the system of equations
(LR)-(υRi), the elasticities of endogenous variables with respect to commuting costs are given
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by the following expression, whenever the matrix A is full rank:

∂ ln x∗

∂ ln d = −A−1T, (65)

where A ≡ A Γ̃ , Γ̃ ≡ γ ⊗ IN , and

A ≡ I7N −

󰀵

󰀹󰀹󰀹󰀷

αX ,

β̃

υ̃

󰀶

󰀺󰀺󰀺󰀸 .

T ≡

󰀵

󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀷

θ
󰀕 L

LR
⊗ 1

󰀖
◦ (1 ⊗ IN)

θ

󰀣

1 ⊗ L′

LF

󰀤

◦ (IN ⊗ 1)

θ

󰀣
L ◦ w′

LR ◦ ȳ ⊗ 1
󰀤

◦ (1 ⊗ IN)

0N,N2

0N,N2

0N,N2

0N,N2

󰀶

󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀸

.

where 0 is an N by N matrix of zeros, 0N,N2 is an N by N2 matrix of zeros, 1 is a 1
by N row vector of ones, I is the identity matrix, ◦ denotes the Hadamard product, and ⊗
denotes the Kronecker product.

A is a 7N × 7N matrix and T is a 7N × N2 matrix.

We note that only the last equation is written in a non-constant-elasticity form. There-
fore, only the elasticities and the flow share matrices are needed for the first 6 row blocks of
the matrix A. For the last row block, the researcher is also required to use knowledge of the
initial equilibrium, through the ratio of commercial and residential floorspace. The depen-
dency on commuting costs dij only appears in the equations that take the constant-elasticity
form, and hence separable between endogenous variables and location-specific parameters.
Hence, the T matrix only requires knowledge of parameters and flow-shares (knoweledge of
endogenous variables is not required).
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